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General Staff of the Serbia Army — on his 65th birthday.

ABSTRACT. In this paper on topological spaces we formulate new mo-
notone principles of fixed point, forked point and fixed apex. This
text continues the further study of the paper by M. R. Taskovié¢
[A monotone principle of fized points, Proc. Amer. Math. Soc., 94
(1985), 427-432, Lemma 2 and Theorem 2]. New monotone principles
to include some recent results of author, which contains, as special cases,
some results of S. Banach, J. Dugundji and A. Granas, F. Browder, D.
W. Boyd and J. S. Wong, J. Caristi, T. L. Hicks and B. E. Rhoades,
B. Fisher, S. Massa, D. Kurepa, M. Kwapisz, W. Kirk, S. Park, M.
Krasnoselskij, V. J. Ste¢enko, T. Kiventidis, I. Rus, K. Iséki, J. Walter,
J. Danes, A. Meir and E. Keeler, L. Collatz, J. Istratescu, A. Miczko,
and B. Palczewski, C. S. Wong, and many others.

1. INTRODUCTION AND HISTORY

Let X := (X, M) be a topological space and T : X — X, where M : X —
RY := [0,400). In connection with this, in 1985 we investigated the concept of
TCS-convergence in a space X, i.e., a topological space X satisfies the condition
of local TCS-convergence iff z € X and if M(T"z) — 0 (n — oo) implies that
{T"(x)}nen has a convergent subsequence.

Theorem 1. (Localization Monotone Principle, Taskovié [36]). Let T be a mapping
of a topological space X := (X, M) into itself, where X satisfies the condition of

local TCS-convergence. Suppose that there exists a mapping ¢ : Rg — ]Rg such
that

() (Vt e Ry = (0, +oo)> ((p(t) <t and lirgffg) p(z) < t)

and the following inequality holds in the form as
(1) M(T(z)) < @o(M(x)) for everyz € X,

where M : X — RY is a T-orbitally lower semicontinuous function and B(u) =0
implies T(u) = u. Then T has at least one fized point in X.
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For x € X the set o(z,00) := {x, Tz, T?x,...} is called the orbit of x. A function
f mapping X into the reals is f-orbitally lower semicontinuous at p if {x, ey is
a sequence in o(x,00) and x, — p (n — oo) implies that f(p) < lim.inf f(z,). A
space X is said to be T-orbitally complete iff every Cauchy sequence which is
contained in o(z,c0) for some x € X converges in X (cf. [36 or 38]).

Let X := (X, A) be a topological space and T : X — X, where A : X x X — RY..
In 1985 year we investigated the concept of TCS-convergence in a space X, i.e.,
a topological space X satisfies the condition of TCS-convergence iff z € X
and if A(T"z, T""'z) — 0 (n — oo) implies that {T™(x)},en has a convergent
subsequence. As an immediate consequence of Theorem 1 we have the following
statement on topological spaces.

Theorem 2. (Monotone Principle, Taskovié¢ [36]). Let T be a mapping of a topolog-
ical space X:=(X, A) into itself, where X satisfies the condition of TCS-convergence.
Suppose that there exists a mapping @ : RS_ — Rg_ such that () and

(2) A(Tz,Ty) < @(A(ac,y)) forallz,y € X,

where x — A(x,T(x)) is a T-orbitally lower semicontinuous function and A(u,v) =
0 implies u =v. Then T has a unique fized point ( € X and T™(x) — ( asn — oo
for each x € X.

Proof. Let M(x) := A(z,T(z)), then it is easy to see that A and ¢ satisfy
all the required hypotheses in Theorem 1. Uniqueness follows immediately from
condition (2). The proof is complete.

Survey of facts. For the preceding monotone principles, specially for Localiza-
tion Monotone Principle of Fixed Point, James Dugundji, in the letter for
me of October 5 in 1984 year, briefly among the rest writes that he is convinced of
the role of Localization Monotone Principle in the fixed point theory (and nonlinear
functional analysis).

This opinion of J. Dugundji has been confirmed many a time, via various phe-
nomena, as one can see from many results proven in nonlinear analysis and nature.

In this paper we considered and formulated some new monotone principles for
fixed points and for fixed apices as a new way in the nonlinear functional analysis.

We notice that Puro Kurepa in 1971, first version of my Monotone Principle
of Fixed Point, has been sent to Professor Jean Leray (Paris) for the opinion.
Some of Leray’s ideas I am to realize in several published papers. In general form
for the first time, fundamental elements of Monotone Principle I give in: Proc.
Amer. Math. Soc., 94 (1985), 427-432. For later facts on this see: Taskovié
[38].

History of TCS-convergence. For the first time in 1985 I introduced the
conditions of TCS-convergence and local TCS-convergence with the intention to
transmit it to the properties of Cauchy sequence from metric spaces on topological
spaces, see Taskovié [36].

This conceptions are very operational and useful for "calculation” on topological
spaces. In this sense after this viewpoint appears in most of my papers and books
from fixed point theory (see: Taskovié [37], [38] and [40]). We can briefly
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say, in connection with this, that the results of forked points are based on RBS-
convergence and BCS-convergence. It is a new viewpoint which is an extension of
the TCS-convergence.

At the interval of the next seven years more authors have considered appearance
of TCS-convergence as a special case od the property TCS-convergence, precisely,
in this way, d-completeness of topological spaces, see: Hicks [1992], Hicks-
Rhoades [1992], Saliga [1996], and Popa [2002].

A topological space X is an d-complete space iff for the function d : X x X —
RY with the property d(z,y) = 0 if and only if z = y the following condition

oo
Z A(Xp, Tpy1) < +00
n=1

implies that the sequence {x,},en converges in X. It is simple to see that the
d-completeness is only one very special case of the condition of TCS-convergence.

Recently, 10 years next appeared Monotone Principle in 1985, in connection
with this Jachymski, Matkowski, and Swigtkowski [Journal of
Applied Analysis, 1 (1995), 125-134, Theorem 1, p. 130] proved a very special case
of Monotone Principle of Fixed Point on Hausdorff spaces. For the same also see:
AamriMoutawakil [2003].

2. MONOTONY AND FIXED POINTS

Let X := (X, M) be a topological space and T' : X — X, where M :
X — ]RQF. In this part we shall introduce the concept of local sup TCS-
convergence in a space X, i.e., a topological space X satisfies the condi-
tion of local sup TCS-convergence iff z € X and sup;~, M(T'z) or
SUpP;>on, M (T'x) or sup;so,, 1 M (T x) converges to a,b,c¢ > 0 respectively
implies that {T"(z)}nen or {T%"(x)}nen or {T?"F(z)},en has a conver-
gent subsequence respectively, and if M(t) < a,b or ¢ implies T(t) = t,
respectively.

We are now in a position to formulate the following our statement on
topological spaces.

Theorem 3. (Localization Monotone Principle). Let T be a mapping of a
topological space X := (X, M) into itself, where X satisfies the condition of
local sup TCS-convergence. Suppose that there exists a mapping N : X —
]Rg_ such that

(M) M(Tz) < N(zx) < sup M(z)<+oo foreveryz e X,

z€o(x,00)
where  +— M (x) or x — N(x) is a T-orbitally lower semicontinuous func-
tion. Then T has at least one fixed point in X.

In the next, the function N : X — R% in (M) is called controlling
function. In connection with the preceding, as an immediate consequence
of the preceding statement we obtain the following result.
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Corollary 1. Let T be a mapping of a topological space X := (X, M) into
itself, where X satisfies the condition of local sup TCS-convergence. Suppose
that there exists a controlling function N : X — Rg{ such that

(M) M(Tz) < N(x) < M(x) for everyxz € X,

where M or N is T-orbitally lower semicontinuous. Then T has at least one
fized point in X.

The proof of this statement is an elementary fact because condition (M)
implies condition (M). Also, an immediate consequence of Corollary 1 is the
following statement.

Corollary 2. Let T be a mapping of a topological space X := (X, M) into
itself with the property (1). If for some x € X the sequence {T"(z)}nen has
a convergent subsequence, then T has at least one fived point in X.

In the context of the preceding Theorem 3 we obtain, as a main its conse-
quence, Theorem 1 which is a groundwork for further considerations. Indeed,
inequality (1) in Theorem 1 has the following equivalent form as a double
inequality

M(Tzx) < p(M(z)) :== N(z) < M(z) forevery x € X;

hence we obtain that (M) holds. Since local TCS-convergence implies local
sup TCS-convergence and since M and N satisfy all the required hypotheses
in Theorem 3, hence it follows from Theorem 3 that T" has at least one fixed
point in X. Thus Theorem 1 is a first directly consequence of Theorem 3.

Proof of Theorem 3. Let € X be an arbitrary point and n € NU{0}
be any nonnegative integers. From (M) for T%(z) we have M (T"tlz) <
N(T'z) < SUP o y M(z), and hence

Tix,00
(3) sup M(T'z) < sup N(T'z) < sup M (T"z),
i>n+1 i>n i>n

i.e. we obtain that {sup;s, M (T"x)}nen is a decreasing convergent sequence
in Rg_. This implies (from local sup TCS-convergence) that its sequence of
iterates {T™(z)}nen contains a convergent subsequence {T™")(x)},en with
limit ¢ € X. Since M : X — R(jr is a T-orbitally lower semicontinuous
function,
M(¢) < liminf M(T™")(x)) = liminf M(T"(z)) = a
T—00 n—oo

implies that T'(¢) = ¢. In the cases of other two sequences, in local sup

TCS-convergence, the proof is a total analogy. Hence the proof in these
cases we omit. If the controlling function NV : X — ]Rg_ is T-orbitally lower
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semicontinuous, then from (3) we have the following inequalities

N(¢) < liminf N(T™")(z)) < lim inf (sup N(T"(az)) <
r—00 n—00 i>n

< lim inf (sup M(TZ($)> = a,

which means that M(7T¢) < N(¢) < a and thus T'(¢) = T(T(€)), i.e., T has
at least one fixed point. The proof is complete.

We notice that the following convergence on topological spaces is char-
acteristic. A topological space X := (X, M) satisfies the condition of lo-
cal global TCS-convergence iff x € X and M(T"z) — a (n — )
or M(T*z) — b (n — o00), or M(T?"*lz) — ¢ (n — oco) implies that
{T"™(2)}nen, or {T?"(x)}nen, or {T?"1(x)},en has a convergent subse-
quence respectively, and if M (t) < a, b or ¢ implies T'(t) = ¢, respectuvely.

Annotation. Since local global TCS-convergence implies local sup TCS-conver-
gence directly as a consequence we obtain the corresponding form statement of
Theorem 3 in this case on topological spaces.

Corollary 3. (T. L. Hicks and B. E. Rhoades [11]). Let (X, p) be a complete
metric space and T : X — X an arbitrary mapping. Suppose that there exists
an x € X such that

(HR) plTy, T?y) < hply, Ty}, he[0,1),
for every y € o(x,00). Then some ¢ € X is a fived point of T if G(x) =

plx, T(x)] is a T-orbitally lower semicontinuous function.

Proof. Let M(y) = ply, T(y)] and N(y) = hply, T(y)] for every y €
o(x,00). Then the following inequality holds in the form as

M(Tx) < N(x) := hplz,T(z)] < M(z) := plz, T(x)],

i.e., the inequalities (M) hold. Since X satisfies the condition of local sup
TCS-convergence (X is a complete metric space and

p[TnijnJrk‘x] < hn(l - h)ilp[flf, TQ?L

applying Theorem 3 we obtain that 7" has at least one fixed point ¢ = T'(¢)
for some ( € X. The proof is complete.

Corollary 4. (J. Caristi [9], W. A. Kirk [14]). Let T be a self-map on a com-
plete metric space (X, p). Suppose that there exists a lower semicontinuous
function G of X into Rg_ such that

(CK) ple, Tz] < G(z) — G(Tx) foreveryzx € X,
then T has at least one fixed point in X.

Proof. First, inequality (CK) has the following equivalent form as a
double inequality

G(Tx) < G(x) — plz,Tz] :== N(z) < G(z) := M(z)
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for every x € X. Hence (M’), i.e., (M) holds. Since X is a complete space
and from (CK) the following inequality holds

[e.o]

ZP[%’J‘;‘H} < G(20)

J=0

for arbitrary sequence of iterates {T7(x)};enu(o} We obtain that X satisfies
the condition of local sup TCS-convergence. Hence, it follows from Theorem
3 that T has at least one fixed point in X. The proof is complete.

Corollary 5. (Taskovi¢ [43]). Let T be a self-map on a complete metric
space (X, p). Suppose that there exists a lower semicontinuous function G :
X — [a,+00) for some a > 0 such that

1 1

(4) plz, T(z)] < Gz G@) for every x € X,

then T has at least one fixed point in X .

Proof. Inequality (4) has the following equivalent form as a double in-
equality with the corresponding controlling function N in the form as

1

G(Tx) < = N(z) < G(x) := M(x)

1
G(z)

for every x € X. Hence (M’), i.e., (M) holds. Since X is a complete metric
space and from (4) we obtain the following fact

pla, T(x)] +

m—1
plT"x, T2 < > p[T'x, T 2] - 0 (n,m — o),

i=n

hence {T"(x)}nen is a Cauchy sequence in X, i.e., by completeness, there is
¢ € X such that T"(z) — ¢ (n — o0). Therefore X satisfies the condition
of local sup TCS-convergence for M(z) = G(z). Applying Theorem 3 we
obtain that T has at least one fixed point in X. The proof is complete.

Let (X, p) be a metric space. A mapping § : X x X — R} (not necessarily
continuous) is called compactly positive on X, if

inf {G(x,y) ra < plz,y] < 6} >0

for each finite closed interval [, 3] C RY. In a former paper Dugundji and
Granas [3] investigated a mapping T on a complete metric space (X, p) that
satisfies the following condition: there exist a compactly positive § on X such that

(DG) plTz, Ty < plz,y] — 0(z,y) forallz,ye X

and showed that such mappings have a unique fixed point in X. A mapping
T : X — X satisfying (DG) is referred to as weakly contractive.
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In [16] Krasnoselskij and Steéenko investigated a mapping T on a
complete metric space (X, p) that satisfies the following condition: there exists a
continuous mapping ¢ : R} — RY such that

(KS) plTz, Tyl < plz,y] — ¥ (plz,y]) forall z,y € X,

where 0 < 9(t) < t for every t € R, ; and showed that such mappings have a unique
fixed point in X.

The preceding results are special cases of the following more general result of
type alocal form of (DG) obtained by Taskovié [36]. This has been generalized
by Romaguera [57].

Corollary 6. (Taskovi¢ [36]). Let (X,p) be a complete metric space and
T: X — X an arbitrary mapping. Suppose

(T) p[T((L‘),T2($)] < plz,T(x)] — 0(x,T(x)) for every x € X

where 0 is compactly positive on X. If x +— plz,T(x)] is a lower semicon-
tinuous function, then T has at least one fized point.

Proof. First, inequality (T) has the following form as a double inequality
in the following form as

G(Tz) = p[Tx, T?x) < plz, Tx] — 0(x,T(z)) := N(z) < plz, Tx] := M(x)

for every x € X. Hence (M’), i.e., (M) holds, which means then M i N
satisfy all the required hypotheses in Theorem 3. Also, (T) implies that
p[T"x, T" z] — 0 (n — oo) and, since X is a complete metric space, we
have (see the Lemma of Dugundji and Granas [3, p. 142| that {T"(x) }nen
converges to some ( € X, i.e., X that satisfies the condition of local sup
TCS-convergence. Hence, it follows from Theorem 3 (or Corollary 1) that
T has at least one fixed point. The proof is complete.

Corollary 7. (B. Fisher [13]). If T is a mapping of the complete metric
space (X, p) into itself satisfying the following inequality in the form as

(FB) pIT22, Ty| < amax{ plTe, %], ply, Ty)}
forallx,y € X, where 0 < a <1, then T has a unique fixed point in X.

Proof. Let € X be an arbitrary point. Then, for y = z, from (FB) we
obtain the following inequalities in the form as

p[T?%z, Tz] < a max {p[TQx,Ta:],p[x,Tx]} = N(z) < plz,Tz] := M(z),

for every x € X. Hence, the inequalities (M) hold. Since X satisfies
the condition of local sup TCS-convergence (X is a complete metric space
and p[T"x, T"*z] < o™(1 — a)~'p[z, Tx]), applying Theorem 3 we obtain
T(¢) = ¢ for some ¢ € X. Uniqueness follows immediately from condition
(FB). The proof is complete.
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As an immediate consequence of Theorem 3, in the case of local TCS-
convergence (i. e., the convergence in zero) we have directly the following
statement.

Corollary 8. Let T be a mapping of a topological space X := (X, M) into
itself, where X satisfies the condition of local TCS-convergence. Suppose
that there exists a controlling function N : X — Rg{ such that

(5) M(Tz) < N(z) < sup M(z) < 400 foreveryx € X

z€o(x,00)

and M (t) = 0 implies T(t) = t, where x +— M (x) or x +— N(z) is T-orbitally
lower semicontinuous such that the following inequality holds

(6) lim sup (sup N(T’@)) < limsup (sup M(Tia?)),

>n

n—00 i>n n—00

then T has at least one fixed point in X.

Proof. Let z € X be an arbitrary point and n € NU {0} be any non-
negative integers. From (5) for Tz we have the former inequalities (3).
Applying (6) we obtain that {sup;~,, M (T"z)},en converges to zero; hence
{M(T"z)}nen converges to zero. This implies (from local TCS-convergence)
that its sequence of iterates {T"(z)},en contains a convergent subsequence
{T™")(2)}en with limit ¢ € X. Further proof is a total analogy with the
proof of Theorem 3. Thus further proof we omit.

Corollary 9. (Local Form of Global F.P. Th.). Let T be a mapping of a
topological space X = (X, M) into itself, where X satisfies the condition of
local sup TCS-convergence, and for n € NU {0} let

(7) sup M (T (z)) < +o0o  for every x € X,
>n

where x — M(x) is a T-orbitally lower semicontinuous function. Then T
has at least one fixed point in X.

Proof. Since from (7) the sequence {sup;s, M(T"x)}nen is a decreasing
convergent sequence to a € Rg_, it follows by local sup TCS-convergence that

{T™(z)}nen contains a convergent subsequence {T™")(z)},en with limit ¢ €
X. Since z — M(x) is T-orbitally lower semicontinuous,

M(¢) < lim inf M(T™") () = liminf M (T"(z)) = a

implies M (¢) < a, i.e., ( = T(¢). This means that T has at least one fixed
point ¢ € X. The proof is complete.

In this part of the paper we consider a form of statement for diametral
p-contraction on Cartesian product of topological spaces in the following
context.

Let X be an arbitrary topological space. By Taskovié [56] for a
mapping T : X¥ — X (k € N is a fixed number) we will construct the
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iteration sequence {T™(u)}nen for an arbitrary point u := (uq,...,uz) € X*
in the following sense. Let 70 =Identical mapping and

(Is) T =Ty" ! (n=1,2,...),

where ¢ : X* — X% defined by ¥(u1,...,ux) = (ug,...,ups1) for the
element of the form w1 = T'(u1,..., ug) and 1° =Identical mapping.

We are now in a position to formulate the following statement for map-
pings of Cartesian product topological spaces.

Let, further, O(x,T(x)) = {xy, T(z), T*(x),...} for x = (21,..., x1)
and T : X¥ — X (k € N is a fixed number). Also, O(t,T(t,...,t)) =
{t,T(t,...,t), T*(t,...,t),...}. Afunctiont — A(t,T(t,...,t))is T-orbital
lower semicontinuous at p € X iff T"(z) — p (n — oo) implies that
Alp, T(p,...,p)) <liminf, .o A(T"(z), T(T™(x),...,T" " 1(x))).

Corollary 10. Let T be a mapping of a cartesian product of topological
spaces X* (k € N is a fived number) into X, where X = (X, A) satis-
fies the condition of local sup TCS-convergence. Suppose that there exists a
controlling function of the form as B : X x X — ]RS)r such that

(8)

A(T(ul, cooug), T(ug, ..., uk+1)) < Blug,ugr1) < sup  A(z,r) < o0,
z,r€O(z,T(x))

foralluy, ..., ugp, upr1 € X, wherex := (uq,...,ux) andt — A(t,T(t,..., 1))

ortw— B(t,T(t,...,t)) is a T-orbitally lower semicontinuous function, then

there ezists at least one point ¢ € X such that T'(C,...,¢) = (.

Proof. For the point x = (uy,...,ux) from (8) for M(z) := A(z,T(x))
and N (z) := B(xy, k4 1) we obtain that the sequence {sup;s,, M (T*(z) }nen
converges in Rﬂ_. Hence, from local sup TCS-convergence, we obtain that
{T™(2)}nen has a convergent subsequence {T™)(z)},en with limit ¢ € X.
Since A and B satisfy all the required hypotheses in Theorem 3, we obtain
that there exists at least one point ¢ € X such that T(¢,...,{) = (. The
proof is complete.

Uniqueness of fixed point. Let X := (X, A) be a topological space and
T:X — X, where A: XxX — ]Rg_. In this part we shall introduce the con-
cept of sup TCS-convergence in a space X, i.e., a topological space X satisfies
the condition of sup TCS-convergence iff z € X and sup; ;»,, A(T"z, TV z)
Or SUp; j>o, A(T"2, TV x) or sup; j>o,41 A(T"x, Tx) converges to a, b, ¢ > 0,
respectively implies that {T7(z)}pen or {T?"(z)}nen or {T?"+(2)}nen has
a convergent subsequence respectively, and if A(s,t) < a, b or ¢ implies
s = t, respectively.

In connection with this for z, y € X theset o(z,y, 00) := {x,y, Tz, Ty, Tz,
T2y, ...} is called the orbit of 2 and y. In this part we begin with a statement
which is fundamental for the further considerations.
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Theorem 4. (Corollary of Theorem 3). Let T' be a mapping of a topological
space X = (X, A) into itself, where X satisfies the condition of sup TCS-
convergence. Suppose that there exists a controlling function B : X x X —
Ri{ such that

(A) ATz, Ty) < Bl,y) < sup  A(zr) < 400

277“60(172/)00)
for all x,y € X, where x — A(z,Tx) or x — B(z,Tx) is T-orbitally lower
semicontinuous, then T has at least one fized point in X.

Proof. Let z € X be an arbitrary point in X and y = T'z in (A). Hence
we obtain condition (M) in Theorem 3 such that X is in this case with the
property of the local sup TCS-convergence. Applying Theorem 3, in this
case, we obtain that T' has at least one fixed point. The proof is complete.

The following statement give uniqueness of fixed point on topological
spaces with the property of TCS-convergence.

Corollary 11. Let T be a mapping of a topological space X := (X, A) into
itself, where X satisfies the condition of TCS-convergence. Suppose that
there exists a controlling function B : X x X — Rg_ such that

(9) A(Tz,Ty) < B(x,y) < A(z,y) forallz,y € X
or
(9" A(Tz,Ty) < B(z,y) < A(z,y) for all z,y € X,

where x — A(x,Tz) or x +— B(x,Tx) is a T-orbitally lower semicontinuous
function such that the following inequality holds

(10) limsup ( sup B(Tiac,ij)) < lim sup ( sup A(Tim,zj)) < 00,
n—oo  Nij>n n—oo  Ni,j>n

then T has a unique fized point ¢ € X and T"(x) — ¢ as n — oo for

arbitrary element r € X.

Proof. This statement is a directly consequence of Theorem 4. Unique-
ness follows immediately from condition (9) or (9’). The proof is complete.

Annotation. Let X := (X, A) be a topological space with the property of sup
TCS-convergence. If the conditions (A) and (10) hold, then the space X satisfies
also the condition of TCS-convergence.

Theorem 5. (Monotone Principle of F.P.). Let T be a mapping of a
topological space X := (X, A) into itself, where X satisfies the condition
of sup TCS-convergence. Suppose that there exists a controlling function
B:X><X—>R9r such that

(11) A(Tz,Ty) < B(z,y) < sup  A(z,r) < 400

277“60(172/)00)
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forallx,y € X, or
() A(Ta,Ty) < Bla,y) < swp  Alz1) < +00

z,r€0(z,y,00)

for all x,y € X, where x — A(x,Tx) or x — B(x,Tx) is T-orbitally lower
semicontinuous, then T has at least one fixed point in X. If additional
A(t,t) < max{A(s,t), A(t,s)} for all s,t € X, then T has a unique fized
point ¢ € X and T™(z) — ¢ as n — oo for arbitrary z € X.

Proof. First part of statement is a directly consequence of Theorem 3.
Thus the proof of this part we omit. We complete the proof by showing that
T can have at most one fixed point: for, if { # 1 were two fixed points, then
from (11) or (11’) we obtain

max { A(¢,n), A, ) | < max {A(G,m), A, ), A(G, ), Alnm) } =
— max { A(¢,n), A(1,0) |

a contradiction. Thus T has a unique fized point { € X. The proof, together
with the first part, is complete.

In connection with the preceding Theorem 5 we obtain, as a main its conse-
quence, Theorem 2 which is a groundwork for further facts in this paper. Indeed,
inequality (11) in Theorem 2 has the following equivalent form as a double inequal-
ity in the form as

ATz, Ty) < p(A(z,y)) = B(z,y) < A(z,y)

for all z,y € X; hence we obtain that (11) holds. Since TCS-convergence implies
sup TCS-convergence and since A and B satisfy all required hypotheses in Theorem
5, hence it follows from Theorem 5 that 7" has a unique fixed point in X.

As an immediate consequence of Theorem 5 we obtain the following global
result for sup TCS-convergence on topological spaces.

Corollary 12. Let T be a mapping of a topological space X = (X, A)
into itself, where X satisfies the condition of sup TCS-convergence and for

n € NU{0} let

sup A(T'z, T'x) < 400 for every x € X,

ij>n
where © — A(z,T(x)) is a T-orbitally lower semicontinuous function. Then
T has at least one fized point in X. If additional there exists a controlling
function B : X x X — RY. such that (11) or (11°), then T has a unique fized
point ¢ € X and T™(x) — ¢ as n — oo for arbitrary r € X.

Also, an immediate consequence of Theorem 5, in the case of TCS-
convergence (i.e., the convergence in zero) we obtain directly the following
statement.
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Corollary 13. (Global F.P. Th. for the TCS-convergence). Let T be a
mapping of a topological space X = (X, A) into itself, where X satisfies the
condition of TCS-convergence, and for every x € X the following fact holds
sup A(T'x, T’z) — 0 (n — o),
ij>n
where x +— A(x,Tx) is a T-orbitally lower semicontinuous function, then
T has at least one fized point in X. If additional there exists a controlling
function B : X x X — RY such that (11) or (11°), then T has a unique fized
point ¢ € X and T™(z) — ¢ as n — oo for arbitrary z € X.

Corollary 14. (J. Dugundji and A. Granas [3 ]). Let (X, p) be a complete
metric space and T : X — X weakly contractive:

(DG) plTz, Ty] < plz,y] — 0(z,y) forallz,y€ X,

where 0 is a compactly positive function on X. Then T has a unique fized
point ¢ € X and T™(x) — ¢ as n — oo for arbitrary x € X.

Proof. Inequality (DG) has the folowing equivalent form as double in-
equality with the corresponding controlling function B in the form as

p[Tx, Ty < plx,y] — 0(z,y) := B(z,y) < plr,y] := A(z,y)

for all z,y € X. Hence (11) holds. It is easy that A and B satisfy all the
required hypotheses in Theorem 5. Since completeness implies sup TCS-
convergence, it follows from Theorem 5 that 7" has a unique fixed point in
X. The proof is complete.

Corollary 15. (M. A. Krasnoselskij - V. Stecenko [16] and T. Kiventidis
[19]). Let X be a Hausdorff space, T : X — X a continuous mapping, and
F: X xX — RY be a continuous function such that F(z,y) # 0 for all
z,y € X (z #y) and

(K) F(Tx,Ty) < F(x,y) — u(F(a:, y)> forall z,y € X,

where p : R& — R(ﬂr is a continuous function with the property 0 < p(r) <r
for every r € Ry. If for some x € X the sequence of iterates {T"(x)}nen
has a convergent subsequence, then T has a unique fixed point in X.

We notice that in a former paper in 1969 year Krasnoselskij and
Stelenko [16] investigated a mapping T on a complete metric space (X, p)
that satisfies condition (KS), i.e., condition (K), for F(z,y) = p[z,y], and showed
that such mappings have a unique fixed point in X. Practically, Corollary 15 is an
extension of the result by Krasnoselskij - Stecenko [16] obtained by
Kiventidis [19].

Proof of Corollary 15. Let A(z,y) = F(x,y), then x — A(z,Tx) is a
T-orbitally lower semicontinuous function. Inequality (K) has the following
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equivalent form
F(Ta,Ty) < F(z,y) — p(F(2,)) = Ble,y) < F(z,y) = Az,y)

for all x,y € X; thus (11) holds. It is easy that X, A and B satisfy all the
required hypotheses in Theorem 5. Applying Theorem 5 we obtain that T
has a unique fixed point in X. The proof is complete.

Corollary 16. (F. Browder [5], D. W. Boyd - J. S. Wong [8]). Let T' be
a self-map on a complete metric space (X, p). Suppose that there exist an
upper semicontinuous from the right function ¥ on R(}r satisfying W(t) < t
for every t > 0 such that

(BW) p[Tx,Ty) < ¥ (plw,y]) for allz,y € X

then T has a unique fived point ¢ € X and {T"(x)}nen converges to ¢ for
arbitrary element x € X.

Proof. Let A(z,y) := plz,y] and B(x,y) := V(plz,y]). It is easy to see
that X, A and B satisfy all the required hypotheses in Theorem 5. This
means that T has a unique fixed point in X. The proof is complete.

Annotation. We notice that first in 1968 Browder established a fixed point
theorem for a self-map T on a complete bounded metric space (X, p) satisfying
continuous from the right function such that ¥(¢) < ¢ for every t € R..

Also, Browder in 1968 showed that in the case when X is unbounded, a
fixed point theorem if ¥ : R?F — Rg fulfills the following additional condition in
the form: ¢t — ¥(t) — +oo as ¢ — oco. In connection with this the following two
conditions are well known:

(12) (A. Meir and E. Keeler [26]). For any € > 0 there exists §(¢) > 0
such that for all z,y € X the following fact holds in the form as

p[Tx, Ty] <e whenever &< plz,y] <e+d(e).

(13) (C. S. Wong [33]). There exists a lower semicontinuous function f :
RY — RY satisfying f(t) > ¢ for every ¢ > 0 such that the following inequality
holds in the form as

f(p[TJ;, Ty]) < plz,y] forall z,y € X.

Annotations. We notice that in 1975 year C. S. Wong proved that the fol-
lowing conditions are equivalent: (BW), (12) and (13). For this see Taskovié
[39]. Also, the reference: Brow der [5] contains some applications to differential
equations in Banach spaces. Further variants of the Banach fixed point theorem
are also contained in: Collatz [27], Rus [20], Istrdtescu [28], Miczko-
Palczewski [31], Iséki [22], and Browder [7].

In connection with the preceding facts in this context of Theorem 5 the following
nonlinear conditions are special cases of the conditions (11) or (11’) of Theorem 5:

(14) (J. Danes [24] and M. R. Taskovié¢ [35]). There exists a nonde-
creasing function ¥ : RS — RY satisfying: ¥"(t) — 0 (n — oo,t > 0), and
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(t —U(t)) — 400 (t — o0), such that the following inequality holds in the form
(DT) plTz, Ty] < \Il(diam{a:,y,Tx,Ty}) for all z,y € X.

(15) (Taskovi¢ [37]) There exists a nondecreasing function ¥ : R} — RY,
satisfying limsup, ;o ¥(z) < t for every ¢t > 0 such that the following inequality
holds in the form:

plTz, Ty] < \I!(diam{:c, y, Tz, Ty,..., T"z, Tmy}>

for arbitrary fixed integers k, m > 0 and for all points x,y € X. (This is a nonlinear
condition for diameter of finite number points.)

(16) (Taskovié [39]). Let T be a mapping of a topological space X := (X, A)
into itself and for any € > 0 there exists § = 6(g) > 0 such that for all z,y € X the
following fact holds in the forma as

A(Tz,Ty) <e whenever &< sup  A(z,r) <e+d(e).
z,r€o(x,y,00)

(17) (Local form of (16) Taskovi¢ [39]). Let T be a mapping of a topological
space X := (X, M) into itself and for € > 0 there exists § = §(g) > 0 such that for
every x € X the following fact holds in the form as

M(Tz) <e whenever €< sup M(z) <e+d(e).

z€o(x,00)

Corollary 17. (Taskovi¢ [35, p. 250, Theorem 1|). Let T' be a mapping of
a metric space (X, p) into itself and let X be T-orbital complete. Suppose
that there exists a function @ : Rg_ — Rg_ satisfying

(Ip) (Vt e Ry) <cp(t) <t and limsupep(z) < t)
z—t+0

such that the following inequality holds in the form as
(3 p[Ta, Ty) < o diam{z, y, Tz, Ty, 22, T, ..}

for all z,y € X. If diam(o(z,00)) € RY for every x € X, then T has a
unique fized point ¢ € X and {T"(a)}nen converges to ¢ for arbitrary a € X.

In connection with this Taskovié¢’s result we notice that this statement in 1980
year is well-known as: "the finest theorem of monlinear functional analysis" for
metric spaces.

An special case, of the Taskovié’s condition (J) in 1980 year, appered one year
later in Walter’s paper as an answer to Browder’s result in 1979. But, both condi-
tions (Browder [7] and Walter [23]) are very special cases of (J) and (Ip)
which are give by Taskovié¢ [35]. We notice that a special case of the conditions
(J) and (Ip) appeared recently by Akkouchy [58] — 25 years next. But, the
author is to neglect and ignore this historical fact! Also, Kirk-Saliga [59] are
to ignore this historical fact.



MiLaN R. TaskoviC 33

Proof of Corollary 17. Inequality (J) has the following equivalent
form as a double inequality with the corresponding controlling function B :
X x X — RS)F in the form as

plTz, Ty| < cp(diam{a:,y,Tm,Ty,T2x7T2y, . }) = B(z,y) <

< diam{z,y, Tz, Ty, T?z, T%y,...} = sup Az, r) < 40
z,r€o(x,y,00)
for all z,y € X, where A(z,7) := p[z,7]. Hence inequality (11) holds.
It is easy that A and B satisfy all the required hypotheses in Theorem 5.
Since T-orbitally completeness implies sup TCS-convergence, it follows from
Theorem 5 that T" has a unique fixed point in X. The proof is complete.

Corollary 18. Let T be a mapping of a cartesian product of topological
spaces X* (k € N is a fived number) into X, where X := (X, A) satisfies the
condition of sup TCS-convergence. Suppose that there exists a controlling
function B: X x X — Rg{ such that

(12)

A(T(ul, cooug), T(ug, .. .,U/k+1)) < B(ug,ug+1) < sup  A(z,r) < +o0
z,r€®(z,Tx)

for all uy, ..., ug,upr1 € X or

(12)

A(T(ul, cooug), T(ua, ..., uk+1)) < B(ug,ug+1) < sup  A(z,1) < +0
z,r€D(z,Tx)

foralluy, ..., ug,upr1 € X, wherex := (uy,...,ug) andt — A(t,T(t,..., 1))
or t — B(t,T(t,...,t)) is a T-orbitally lower semicontinuous function,
then there is ¢ € X such that T((,...,¢) = (. If additional A(t,t) <
max{A(s,t), A(t,s)} for all s,t € X, then there is a unique { € X such that

T(,...,¢)=¢, and
(13) T"(x) := upsr = T(upn,...,upsk—1) for everyn € N
converges to a unique solution ¢ € X of the equation T(t,...,t) =t.

The proof of this statement is a total analogy with the former proof of
Corollary 10. Thus the proof we omit.

Transversal upper interval spaces. In connection with the preceding, the
function p : X x X — [a,b] C RY for a < b is called an upper (interval)
transverse on X (or upper interval transversal) iff: p[z,y] = ply, ] and if there is
an upper (interval) bisection function g : [a,b] X [a,b] — [a, ] such that

(Aa) plz,y] < max {p[a% z], plz, 91, g(p[ﬂf, z], plz, y]) }

for all x,y,z € X. A transversal upper interval space is a set X together with
a given upper intervally transverse p: X x X — [a,b] C RY for a < bon X.
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A fundamental first example of upper transversal spaces for the upper bisection
function g : (R%)? — RY := [0,00) defined in the following sense by g(s,t) = s+t
is a metric space.

Further, a mapping M : R — [a,b] C R& for a < b is called an upper (dis-
tribution) function if it is nonincreasing, left-continuous with inf M = a and
sup M = b. We will denote by © the set of all upper (distribution) functions.

b A(x)
b
a a
[3 e [c gl

FIGURE 1

The next two spaces are very interesting examples of transversal upper spaces.
First, an upper statistical space is a pair (X, R), where X is an abstract set
and R is a mapping of X x X into the set of all upper (distribution) functions
®. We shall denote the upper (distribution) function R(u,v) by M, ,(x) or M, ,,
whence the symbol M, ,(x) will denote the value of M, , at x € R. The functions
M, are assumed to satisfy the following conditions: M, , = My, My ,(c) = b
for some ¢ € R, and

(Eq) Myy(x)=a for x>c¢ ifandonlyif uw=uw,

and if My, »(z) = a and M, ,(y) = a implies My, ,(z+y) = a for all u,v,r € X and
for all z,y € R.

In view of the condition M, ,(c) = b, which evidently, implies that M, ,(z) =b
for every x < ¢. Thus, condition (Eq) is equivalent to the statement: u = v if
and only if M, ,(z) = A(z), where A(x) =bif v < cand A(x) = a if © > c. See
Figure 1.

Obviously, every metric space may be regarded as an upper statistical space of
a special kind. One has only to set M, ,(x) = A(z — d(u,v)) for every pair of
points (u,v) in the metric space (X, d). Also, M, ,(z) may be interpreted as the
"measure" that the distance between u and v is less than x.

Second example of transversal upper space, an upper interval space (or Taskovié’s
interval space from Taskovié [46]) is a nonempty set X together with the func-
tions M, ,(x) with the following properties: M, , = My, My ,(c) = b for some
¢ € R, (Eq), and if there is a nondecreasing function f : [a,b] X [a,b] — [a,b] with
the property f(t,t) <t for all ¢ € [a, b] such that

(NY) My +y) < f (M), Mo ()



MiLaN R. TaskoviC 35

for all u,v,r € X and for all z,y > ¢. (Namely, the function f : [a,b] x [a,b] — [a, D]
is nondecreasing if a;,b; € [a,b] and a; < b; (i = 1,2) implies f(a1,a2) <
f(b1,02).).

We notice, if we choose an upper bisection (interval) function g : [a, b] X [a,b] —
[a,b] such that g = f (from (Nt)), then we immediately obtain that every upper
interval space, for pu,v] = M, ,, is a transversal upper interval space; because in
this case from (Nt) the following inequalities hold:

plu, ] = My (@) < f (Mo = 9), My (1)) =

= 9((plu. 71, piryv]) < masc {plu. ), plr v, g ol 71, plr v]) }.

On the other hand, if: M, , = M, ,, M, (c) = b for some ¢ € R, (Eq), and if
there is a function v : [a, b] X [a,b] — [a,b] such that

Myo(2) < (M o(2), My, ()

for all u,v,r € X and for every x > ¢, then it is an example of transversal upper
interval space also.
A mapping A : [0,1] x [0,1] — [0,1] is a A-norm if it satisfies: A(a,1) =
a, A(0,0) = 0, Aa,b)
b

= A(b,a), Ne,d) = A(a,b) for ¢ > a, d > b and
A(Ala,b),¢) = Ala, A(b,€)).-

Let B denote the set of all A-norms, partially ordered as by A1 < Ay if and
only if Aq(a,b) < Az(a,b) for all a,b € [0,1] and Ay, As € B.

In connection with this, an upper probabilistic MT-space is a triplet (X, R, A),
where (X, R) is an upper statistical space and f € B satisfies the preceding triangle
inequality (Nt).

A very characteristic example, for further work, of the transversal upper interval
spaces is the following space in the following form.

A transversal upper interval T-space is a pair (X, p), where X is a transver-
sal upper interval space and where the upper (interval) transverse p[u, v] = My ,(z)
is satisfying: My , = M, u, My »(c) = b for some ¢ € R, and (Eq).

Further, the concept of a neighborhood can be introduced and defined with
the aid of the upper interval transverse. In fact, neighborhoods in transversal
upper interval spaces may be defined in several nonequivalent ways. Here, we shall
consider only one of these.

Ifp e X, u > cforsome c € R and r a positive real, then an (u, r)-neighborhood
of p, denoted by U,(, ), is defined by

Uppssr) = {a € X : plp,a] = Myg() < a1}

Corollary 19. Let T be a mapping of a transversal upper interval T'-space
X = (X, My(t)) into itself, where X satisfies the condition of sup TCS-
convergence. Suppose that there exists an upper function vay(t), as a con-
trolling function, such that

(14) Mrpary(t) < Key(p(t)) < sup )Mz,r(w(t))
z,reo(x,y,00
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forallx,y € X or
(147) Mrery(t) < Key(p(t)) < sup M., (o(t))

Z7T60($7y7oo)
for all z,y € X, where ¢ : R — R is an increasing function satisfying
@™ (t) = 400 (n — 00). Then T has a unique fived point in X.

The proof of this statement is a total analogy with the preceding proofs
consequences of the main statements. Thus the proof we omit.

We notice that Corollary 19 has an adequate form which is profitable for
appliances in the following form.

Corollary 19a.. Let T be a mapping of a transversal upper interval T-
space X = (X, My(t)) into itself, where X satisfies the condition of sup
TCS-convergence. Suppose that there exists an upper function Ky ,(t), as a
controlling function, such that

(14a) Mrary(p(t) < Kiy(t) < sup M (p(2))

z,r€o0(2,y,00)
forallxz,y € X or
(14b) Mrery(p(t) < Kpy(t) < sup M, (o(t))

z,r€0(x,y,00)
for all z,y € X, where ¢ : R — R is an increasing function satisfying
©"(t) = +00 (n — o0). Then T has a unique fized point in X.

Expansion Monotone Principles. Let X := (X, A) be a topological
space and T : X — X, where A : X x X — Rg := [0,400). In 1985
year we investigated the concept of CS-convergence in a space X. i.e., a
topological space X satisfies the condition of CS-convergence iff {z, },en is
a sequence in X and A(zy,T(z,)) — 0 (n — oo) implies that {z, }nen has
a convergent subsequence.

Also, we shall introduce the concept of invariant property for space X;
i.e., a topological space X satisfies the condition of invariant property
if there is a nonempty subset S of X such that T'(S) = S. Obviously, if
T :X — X is an onto mapping, then X is with the invariant property for
S =X. Also, if T : X — X continuous on a compact space X, then X has
the invariant property.

We are now in a position to formulate via Axiom of Choice the following
general statement of fixed point on topological spaces.

Theorem 6. (General Expansion, Taskovi¢ [44]). Let T' be a mapping of a
topological space X := (X, A) into itself, where X with the invariant property
and with the condition of CS-convergence. If there is a mapping @ : RS)F —
]R?F such that

() (Vt e Ry) (cp(t) >t and liminf(z) > t)

z—t—0
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and the following inequality holds in the form as
(E) A(Tz,Ty) > p(A(z,y)) forallz,y € X,

where x — A(x,T(z)) is lower semicontinuous and A(t,s) = 0 impliest = s,
then T has a unique fized point in X.

In this context, let X := (X, M) be a topological space and T : X — X,
where M : X — R‘i. A topological space X satisfies the condition of LCS-
convergence iff {z,},en is a sequence in X and M(z,) — 0 (n — o0)
implies that {x, },en has a convergent subsequence.

Theorem 7. (Localization of general expansion, Taskovi¢ [44]). Let T be
a mapping of a topological space X := (X, M) into itself, where X with the
mwvariant property and with the condition of LCS-convergence. If there is a
mapping ¢ : RY. — RY such that the condition (pr) holds and

(LE) M(Tz) > p(M(x)) for every x € X,

where M : X — RY is lower semicontinuous and M (t) = 0 implies T(t) = t,
then T has at least one fized point in X.

The proof of this statement is founded and given in 2001 via Axiom of
Choice by Taskovi¢ [44]. On the other hand, Theorem 6 is an immediate
consequence of Theorem 7.

Let, in the next, X := (X, M) be a topological space and T : X — X,
where M : X — ]RS]r is a bounded above function. In this part we shall
introduce the concept of local inf TCS-convergence in a space X, i.e., a
topological space X satisfies the condition of local inf TCS-convergence
iff z € X and inf;>, M(T'z) or inf;>e, M (T ) or inf;>9,+1 M (T z) con-
verges to a, b, ¢ > 0 respectively implies that {77 (x)}pen or {T?"(x)}pen or
{T?F1(2)},en has a convergent subsequence respectively, and if M (t) > a,
b, or ¢ implies T'(t) = t, respectively.

Theorem 8. (Localization Monotone Principle). Let T be a mapping of a
topological space X := (X, M) into itself, where X satisfies the condition of
local inf TCS-convergence. Suppose that there exists a sontrolling function
N:X— ]RS)r such that

(L) M(Tx)> N(x) > inf M(z)>0 foreveryz e X,

z€o(x,00)

where x +— M(z) or x — N(x) is a T-orbitally upper semicontinuous func-
tion. Then T has at least one fixed point in X.

The proof of this statement is a total analogy with the former proof of
Theorem 3. Thus the proof we omit.

An immediate consequence of the preceding statement is the following
result.
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Corollary 20.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local inf TCS-convergence. Suppose
that there exists a controlling function N : X — Rg{ such that

(L) M(Tz) > N(z) > M(x) for every x € X,

where M or N is T-orbitally upper semicontinuous. Then T has at least one
fized point in X.

The proof of this statement is an elementary fact because condition (L’)
implies condition (L). Also, an immediate consequence of Corollary 20 is the
following statement.

Corollary 21.. Let T be a mapping of a topological space X := (X, M) into
itself with the property (L’). If for some x € X the sequence {T"(x)}nen has
a convergent subsequence, then T has at least one fized point in X.

In the context of the preceding Theorem 8 we obtain, as a main its conse-
quence, Theorem 7 which is a groundwork for further considerations. Indeed,
inequality (LE) in Theorem 7 has the following equivalent form as a double
inequality

M(Tz) > (M (x)) := N(z) > M(z) for every z € X;
hence we obtain that (L) holds. Since local TCS-convergence implies local
inf TCS-convergence and since M and N satisfy all the required hypotheses

in Theorem 8, hence it follows from Theorem 8 that 7" has at least one fixed
point in X. Thus Theorem 7 is a first directly consequence of Theorem 8.

Corollary 22.. (Taskovi¢ [41]). Let T be a self-map on a complete metric
space (X,d). Suppose that there exists an upper semicontinuous bounded
above function G : X — R such that

(R) d(z,T(z)) < G(Tz) — G(x)

for every x € X. Then T has at least one fixed point in X.

Proof. Let M(x) = G(x), whish is bounded above and a T-orbitally up-
per semicontinuous function on X. Inequality (R) has the following equiva-
lent form

G(Tz) > G(x) + d(z,T(x)) := N(z) > G(z) := M(x)

for every x € X. Hence (L) holds in Theorem 8. Since X satisfies the
condition of local inf TCS-convergence (X is a complete metric space and
from (R) for z,, := T™(x) we obtain

n
> d(wi, vig1) < G(anga) — Gla),
=0
where G is a bounded above functional, such that {T"z},ecn converges to
some ¢ € X), applying Theorem 8, T" has at least one fixed point in X. The
proof is complete.
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Corollary 23.. (Taskovié¢ [43]). Let T be a self-map on a complete metric
space (X, p). Suppose that there exists an upper semicontinuous bounded

above function G : X — [a,+00) for some a > 0 such that
1 1

1 T < — —

(15) Pl T < 55 - G

then T has at least one fized point in X.

for every x € X,

Proof. Inequality (15) has the following equivalent form as a double
inequality with the corresponding controlling function N in the form as
1
1
@ — plz, T(2)]
for every x € X; hence (L) holds. Since completeness implies local inf TCS-

convergence for M(x) = G(z), applying Theorem 8 it follows that 7" has at
least one fixed point in X. The proof is complete.

G(Tzx) > = N(x) > G(x) := M(x)

Corollary 24.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local inf TCS-convergence, and for
n e NU{0} let

jgf M(T"(x)) >0 for every z € X,

i>n
where x +— M (x) is a T-orbitally upper semicontinuous function. Then T
has at least one fized point in X.

The proof of this statement is a total analogous with the former proof of
Corollary 9. Thus proof we omit.

Uniqueness of fixed point. Let X := (X, A) be a topological space and
T: X - X, where A: X xX — Rg_. In this part we shall introduce the con-
cept of inf TCS-convergence in a space X, i.e., a topological space X satisfies
the condition of inf TCS-convergence iff z € X and inf; j>, A(T"z,T'x)
or inf; j>on A(T'z,T'z) or inf; j>on+t1 A(T'x,T’x) converges to a, b, ¢ > 0
respectively implies that {T7(z)}pen or {T?"(z)}nen or {T?"+1(2)}nen has
a convergent subsequence respectively, and if A(s,t) > a, b or ¢ implies
s = t, respectively.

Theorem 9. (Monotony General Expansion, Taskovi¢ [51]). Let T be a
mapping of a topological space X := (X, A) into itself, where X satisfies the
condition of inf TCS-convergence. Suppose that there exists a controlling
function B: X x X — R(}r such that

(16) A(Tz,Ty) > B(z,y) > inf  A(z,r) >0

z,r€0(x,y,00)
forallz,ye X, or
(167) A(Tz,Ty) > B(x,y) > inf  A(z,r) >0

277“60(%24100)
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for all x,y € X, where x — A(z,Tx) or v — B(xz,Tx) is T-orbitally
upper semicontinuous, then T has at lest one fixved point in X. If A(t,t) >
min{ A(t, s), A(s,t)} for all s,t € X, then T has a unique fived point ( € X
and T"(x) — ¢ as n — oo for arbitrary x € X.

The proof of this statement is a total analogy with the former proof of
Theorem 5. Thus the proof we omit.

As an immediate consequence of Theorem 9 directly we obtain the fol-
lowing statement on topological spaces.

Corollary 25.. (Global General Expansion). Let T be a mapping of a
topological space X := (X, A) into itself, where X satisfies the condition of
inf TCS-convergence and for n € NU {0} let

inf A(T'z,Tx) >0 for everyz € X,

L,j>n
where x — A(x,T(x)) is a T-orbitally upper semicontinuous function. Then

T has at least one fixed point in X . In additional, if there exists a controlling
function B: X x X — R(jr such that

(17) A(Tz,Ty) > B(x,y) > A(z,y) foralz,ye X
or
(17) A(Tz,Ty) > B(x,y) > A(z,y) foralz,ye X,

then T has a unique fized point ¢ € X and T"(x) — ¢ as n — oo for
arbitrary r € X.

In [60] Wang, Gao, Li and Iséki proved the following statement for a class
of expansive mappings. Namely, if (X, d) is a complete metric space, if a
mapping T : X — X is onto and if there exists ¢ > 1 such that

(Ik) d(T(x), T(y)) > qd(z,y) forall z,y € X,

then T has a unique fixed point in X. Also, Daffer and Kaneko [61] proved:
If T is a continuous compact mapping of a metric space (X,d) into itself
satisfying the expansive condition (Ik), then 7" has a unique fixed point in
X.

We notice that the preceding two results are immediate consequences of
Theorem 9. Also see: Taskovié¢ [37, p. 62].

Transversal lower interval spaces. In connection with the preceding,
the function p: X x X — [a,b] C RY for a < b is called a lower (interval)
transverse on X (or lower interval transversal) iff: plx,y] = ply, ] and if
there is a lower (interval) bisection function d : [a,b] X [a,b] — [a,b]
such that

(Am) plz,y] > min {p[xy 2|, plz, yl, d(ﬂ[az 2], plz, y]) }
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for all z,y, z € X. A transversal lower interval space is a set X together
with a given lower interval transverse p: X x X — [a,b] C R for a < b on
X.

Otherwise, a transversal interval space (or a middle transversal inter-
val space) is an upper and a lower transversal interval space simultaneously.

As an important example of transversal lower interval spaces we have a Menger’s
(probabilistic) space. Karl Menger introduced in 1942 the notion of proba-
bilistic metric space.

In this sense, a mapping N : R — [a,b] C Rg_ for a < b is called a lower
(distribution) function if it is nondecreasing, left-continuous with inf N =
a and sup N = b. We will denote by L the set of all lower (distribution)
functions.

A lower statistical space is a pair (X, Z), where X is an abstract set and
2 is a mapping of X x X into the set of all lower (distribution) functions £. We
shall denote the lower (distribution) function Z2(p,q) by Np4(z) or N, 4, whence
the symbol N, ,(x) will denote the value of N, , at € R. The functions N, 4
are assumed to satisfy the following conditions: N, ; = Ny, Ny 4(c) = a for some
c € R, and

(Em) Npgx)=0b for x>c ifandonlyif p=yg,

and if Np 4(z) = b and N, ,(y) = b implies Ny, .(x +y) = b for all p,¢,r € X and
for all z,y € R.

In view of the condition N, 4(c) = a for some ¢ € R, which evidently, implies
that Ny 4(z) = a for all x < ¢. Thus, the condition (Em) is equivalent to the
statement: p = ¢ if and only if N, ,(x) = H(x), where H(z) = a if z < ¢ and
H(z)="bif z > c. See Figure 2.

to

Hiz) - { a for z<e,

b for z>c

FIGURE 2

Every metric space may be regarded as a statistical lower space of a special kind.
One has only to set N, 4(z) = H(z — p(p, q)) for every pair of points (p, ¢) in the
metric space (X, p).

An example of transversal lower interval space is a lower interval space which
is a nonempty set X together with the functions N, ,(x) with the following proper-
ties: Np.q = Ny p, Npo(c) = a for some ¢ € R, (Em), and if there is a nondecreasing
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function 7 : [a,b] X [a,b] — [a,b] with the property 7(¢,t) > ¢ for all ¢ € [a, b] such
that

(Nm) Np,q(x +y) = T(prr(x), Nr,q(y))

for all p,q,r € X and for all z,y > c.

We notice, if we choose a lower (interval) bisection function d : [a,b] X [a,b] —
[a,b] such that d = 7 (from (Nm)), then we immediately obtain that every lower
interval space, for p[p,q] = N, 4, is a transversal lower interval space; because in
this case from (Nm) the following inequalities hold:

plp.ql = Npq(x) > T(Np,r(x - y)aNr,q(y)) =
= d(P[l’v rl, plr, Q}) = min {p[p, r], plr, q], d(p[p, r], p[r, q])}

In connection with the preceding, a transversal lower interval T-space is
a pair (X, p), where X is a transversal lower interval space and where the lower
(interval) transverse plu,v] = Ny ,(z) is satisfying: Ny, = Ny, Ny(c) = a for
some ¢ € R and (Em). This space is a very characteristic example of transversal
lower interval spaces for further work.

A Menger space (or lower probabilistic MT-space) is a triplet (X, 2, A),
where (X, 2) is a lower statistical space, where plu,v] = F,,(x) : X x X — [0, 1]
and 7 € B satisfies the preceding triangle inequality (Nm).

If we choose a lower bisection function d : [0,1] x [0,1] — [0, 1] such that d = 7
(for 7 € B) then from (N7) we immediately obtain that every Menger’s space, for

(N7)

p[p,q] = F, 4, is a transversal lower interval space. Every Menger’s space is a lower
interval space also.

The concept of a neighborhood in a lower transversal interval space X for
the lower interval transverse p[p, q] = Np4(x) in [a,b] C RY for a < b is the
following. If p € X, u > ¢ for some ¢ € R, and o a positive real, then an
(i, 0)-neighborhood of p denoted by Op(u, ), is defined by

Op(p,0) = {q € X :plp,al = Np,g(p) > b— 0}-

Corollary 26.. Let T be a mapping of a transversal lower interval T-space
X = (X, Nyuo(t)) into itself, where X satisfies the condition of inf TCS-
convergence. Suppose that there exists a lower function Ky ,(t), as a con-
trolling function, such that

(18) NTm,Ty(t) > Km,y((p(t» > inf Nz,r((p(t))

z,r€o(x,y,00)

forallz,y € X or
(18°) Nrory(t) > Koy(p(t)) = inf N (o(1))

Z;"“GU(%ZI}OO)
for all z,y € X, where ¢ : R — R is an increasing function satisfying
©"(t) — +00 (n — o0). Then T has a unique fized point in X.

The proof of this statement is a total analogy with the preceding proofs
consequences of the main statements. Thus the proof we omit.
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We notice that Corollary 26 has an adequate form which is profitable for
appliances in the following form.

Corollary 26a.. Let T be a mapping of a transversal lower interval T -
space X = (X, Ny(t)) into itself, where X satisfies the condition of inf
TCS-convergence. Suppose that there exists a lower function K, ,(t), as a
controlling function, such that
(18a) Nrory(p(t) = Kay(t) > inf Nz (p(1))

Z7T60($7y7oo)
forall z,y € X or
(18b) NTx,Ty(SD(t)) > Km,y(t) > inf Nz,r(@(t))

z,r€0(2,y,00)

for all z,y € X, where ¢ : R — R is an increasing function satisfying
©"(t) — +00 (n — o0). Then T has a unique fived point in X.

3. MoNOTONY AND FIXED APICES

A map f of a partially ordered set P to itself has a fixed point, if there
exists an element £ in P such that f(&) = ¢, i.e., if the mapping f ”is crossing
of diagonal" in the fized point £ € P as on Fig. 3

A
P 14 |
/ !
| |
L p |
E=AE) 1
FIGURE 3

In a paper of mine in 1988 I investigated the concept of fixed apices for a
mapping f of a poset P into itself. A map f of a set P to itself has a fixed
apex u € P iff for u € P there is v € P such that f(u) = v and f(v) = u.
The points u,v € P are called fixed apices of f if f(u) =v and f(v) = u,
as on Fig. 4.

We notice that fixed points are evidently fixed apices and the set of all
fixed points can be a proper subset of the set of fixed apices. Also, a fixed
point is evidently a fixed apex.

On the other hand, we notice that the map f has a fized apez if and only
if f2:= f(f) has a fized point.

Namely, if f has a fixed apex u € P, then v = f(v) and v = f(u), so
f? has a fixed point. Reversed, if the equation = f?(x) has a solution
€ = f2(¢) for some ¢ € P, then f has fixed apices &, f(£) € P, because

€= f(€) and (&) = f(&).
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P P
. S
f
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u=fv) v=flu) u v
FIGURE 4

In connection with this, we can extend the term apex with f2 on the map

f* = f(f* 1) for an arbitrary fixed integer n > 2. In this sense, some
points u1,...,u, € P are fixed apices for the map f: P — P iff

(19) ur = f(uz),.. ., up—1 = fun) and u, = f(w),

or, in the reversed direction, iff

(20) ug = f(u1),...,up = f(up—1) and wuy = f(up),

for an arbitrary fixed integer n > 2.

As for case n = 2, in the place, the map f has fixed apices uy,...,u, € P
if and only if the iteration f", for an arbitrary fixed integer n > 2, has a
fixed point. Precisely, we have the following fact.

Proposition 1. Let X be an arbitrary nonempty set, let T be a mapping
from X into X, and let n > 2 be an arbitrary fixed integer. Then, T has
fized apices uy,...,u, € X (n > 2) if and only if the iteration mapping T™
(n > 2) has at least one fized point.

A brief proof for n = 2 of this statement (in the case of partially ordered
sets) may be found in Taskovié [45].

Let X := (X, M) be a topological space and T' : X — X, where M :
X — }Rg. In this part we shall introduce the concept of local k-sup TCS-
convergence in a space X, i.e., a topological space X satisfies the condi-
tion of local k-sup TCS-convergence iff x € X, k € N is a fixed num-

ber, and sup;s,, M (T"x) or sup;sq ,p M(T"x) or, ..., or sup;sj n, M(T'z)
converges to ag,aq,...,a > 0 respectively implies that {T"(x)},en or
{T 1 () }hen or, ..., or {T™*+k(2)},cn has a convergent subsequence

respectively, and if M(T*(t)) < o; (i = 0,1,...,k) implies T*(t) = t, re-
spectively.

We are now in a position to formulate the following our theorem on topo-
logical spaces for the fixed apices.

Theorem 10. (Localization Monotone Principle for F. A.). Let T be a
mapping of a topological space X := (X, M) into itself, where X satisfies
the condition of local k-sup TCS-convergence. Suppose that there exists a
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controlling function N : X — R‘i such that
(Ma) M(TF(z)) < N(z) < sup M(z) < +oo for every z € X,

z€o(x,00)
where x — M (T*(x)) or x +— N(T*(x)) is a T-orbitally lower semicontinu-
ous function. Then T has at least one fized k-apex in X.

As an immediate consequence of this statement we have the following
result for fixed apices on topological spaces.

Corollary 27.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies local k-sup TCS-convergence. Suppose that there
exists a controlling function N : X — ]RS)r such that

(Mb) M(T*(x)) < N(z) < M(z) for every x € X,

where x — M (T*(x)) or x + N(T*(x)) is a T-orbitally lower semicontinu-
ous function. Then T has at least one fized k-apex in X.

Proof of Theorem 10. Let z € X be an arbitrary point. From (Ma) for
Tz we obtain M (T *(x)) < N(T%(x)) < SUDco(Tia,00) M (2), and hence
(21) sup M (T"(x)) < sup N(T"z) < sup M(T"z),

i>n+k >n i>n
i.e., we obtain that the corresponding sequences of the forms sup;s,, M (T"z) }nen,
{supizunk M(T"z)}nen, - - {supi2k+nk M(T"z)}pen converges decreasing
in RY. This implies (from local k-sup TCS-convergence) that their sequences
of iterates contains convergent subsequences {T*t"(")k(z)} .oy with limit
points ¢; € X (i = 0,1,...,k). Since x — M(T*(z)) is T-orbitally lower
semicontinuous,

M(T’“(Ci)) < hggng(Tk(Ti—i-n(r)k(x)) = 1iminfM<Ti+(n(r)+1)k(g;)) =

T—00

- 1iminfM(Ti+<"+1>k(x)) —a; (i=0,1,....k)

n—oo
respectively, which means that T%(¢;) = ¢ (i = 0,1,...,k). This means
from Proposition 1 that T has at least k + 1 points of k-fixed apices. If the
controlling function z — N(T*(x)) is a T-orbitally lower semicontinuous
function, then we have

N(T’“(Q)) < hmian(TH(”(’”)“)k(x)) <

r—00 -

< lim inf (sup N(T“‘j(:v)) <

< lim inf (supM(T”j(x)) =a; (1=0,1,...,k),

which means that T%(¢;) = ¢ (i = 0,1,...,k), also, i.e., T has (from Propo-
sition 1) at least k + 1 points of k-fixed apices. The proof is complete.



46 TRANSVERSAL THEORY OF FIXED PoINT, FIXED APICES, AND FORKED POINTS

Corollary 28.. (Local Form of k-Global F. A. Th.). Let T be a mapping of
a topological space X := (X, M) into itself, where X satisfies the condition
of local k-sup TCS-convergence, and for n € NU {0} let

supM(Ti(az)) < +oo  foreveryx € X,
>n

where x +— M(T*(x)) is a T-orbitally lower semicontinuous function, then
T has at least one fized k-apex in X.

The proof of this statement is a total analogy with the former proof of
Corollary 9. Thus the proof we omit.

Let X := (X, A) be a topological space and T' : X — X, where A :
XxX— ]RS)F. In this part we shall introduce the concept of k-sup TCS-
convergence in a space X, i.e., a topological space X satisfies the con-
dition of k-sup TCS-convergence iff x € X, k € N is a fixed number, and

SUp; j>n A(Tia;, Tja:) OT SUD; j>14nk A(Ti:n, zj) O, ..., O SUD; j>ktnk A(Tia:, Tja;)
converges to ag, a1, ..., ar > 0 respectively implies that {T"(z)}nen or
{Tr () }hen or, ..., or {T™*+k(2)},cn has a convergent subsequence

respectively, and if A(x,T*(x)) < oy (i = 0,1,...,k) implies T*(t) = t,
respectively.

As an immediate application of Theorem 10 we obtain the following form
of the monotone principle for fixed apices on topological spaces.

Theorem 11. (Monotone Principle of F. A.). Let T be a mapping of a
topological space X = (X, A) into itself, where X satisfies the condition
of k-sup TCS-convergence. Suppose that there exists a controlling function
B:XXX%R(_)‘_ such that

(22) AT Ty < Bley) < swp A(r) < +oo

z,r€o(x,y,00)
for all x,y € X, where x — A(x,T*z) or x — B(x,T*x) is T-orbitally
lower semicontinuous, then T has at least one k-fixed apex in X.

As an immediate consequence of this statement we obtain the following
result for uniqueness fixed apices on topological spaces.

Corollary 29.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies k-sup TCS-convergence. Suppose that there exists a
controlling function B : X x X — R(}r such that

(23) A(T*(2), T*(y) < Bz, y) < A(z,y)
forall z,y € X, or
(237) A(T*(2), T"(y)) < Blz,y) < Alz,y)

for all z,y € X, where x — A(z,T*z) or x — B(xz,T*z) is a T-orbitally
lower semicontinuous function. Then T has a unique k-fized apex in X.
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We complete the proof by showing that 1" can have at most one k-fixed
apex: for, if ( # n were two k-fixed apices, then from (23) and (23’) we
obtain

A(¢,m) = A(T"(Q), T"(n)) < B(¢,m) < A(¢,n)
and

A(¢m) = A(THQ), TH(n)) < B(G.m) < A(¢m),

two contradictions. The proof of this fact is complete. The proof of the first
part of statement is a total analogy with the former proofs. Thus further
proof we omit.

As an immediate consequence of Theorem 11 we obtain the following
global result for k-sup TCS-convergence on topological spaces.

Corollary 30.. Let T be a mapping of a topological space X := (X, A)
into itself, where X satisfies the condition of k-sup TCS-convergence and
forn e NU{0} let

sup A(T'z, Tz) < +oo for every z € X,

i,j>n
where x — A(z, T*z) is a T-orbitally lower semicontinuous function. Then
T has at least one k-fized apex in X.

If additional there exists a controlling function B : X x X — Rg_ such
that (23) or (23°), then T has a unique k-fized apez in X.

Also, as an immediate consequence of Theorem 10, in the case of TCS-
convergence (i.e, the convergence in zero) we obtain directly the following
result.

Corollary 31.. Let T be a mapping of a topological space X := (X, A) into
itself, where X satisfies the condition of TCS-convergence and for x € X the
following fact holds

sup A(T'z, T’z) — 0 (n — oo),

©,j>n
where x +— A(x, T"(z)) is a T-orbitally lower semicontinuous function, then
T has at least one k-fized apex in X.

If additional there exist a controlling function B : X x X — Rg_ such that

(23) or (23°), then T' has a unique k-fized apex in X.

Let X := (X, M) be a topological space and T' : X — X, where M :
X — R[—)i-' In this part we shall introduce the concept of local k-inf
TCS-convergence in a space X, i.e, a topological space X satisfies the
condition of local k-inf TCS-convergence iff x € X, k € N is a fixed num-

ber, and inf;>, M(T'x) or inf;>11nx M(T'x) or, ..., or infispine M(T'z)
converges to g, i, ..., > 0 respectively implies that {T"(z)},en or
{Tre+1(2)}en or, ..., or {T™*k(x)},cn has a convergent subsequence

respectively, and if M(T*(t)) > a; (i = 0,1,...,k) implies T*(t) = ¢, re-
spectively.
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We are now in a position to formulate the following our theorem on topo-
logical spaces for fixed apices.

Theorem 12. (Localization of General Expansion for F. A.). Let T be a
mapping of a topological space X := (X, M) into itself, where X satisfies
the condition of local k-inf TCS-convergence. Suppose that there exists a
controlling function N : X — Rg such that

(Md) M(T(z)) > N(z) > inf M(z) >0 foreveryx € X,

z€o(z,00)

where x — M (T*(x)) or x — N(T*(z)) is a T-orbitally upper semicontinu-
ous function. Then T has at least one k-fized apex in X.

As an immediate consequence of this statement we have the following
result for fixed apices on topological space.

Corollary 32.. Let T be a mapping of a topological space X := (X, M)
into itself, where X satisfies the condition of local k-inf TCS-convergence.
Suppose that there exists a controlling function N : X — R(}r such that

(Mf) M(T*(x)) > N(z) > M(x) for every x € X,

where x — M (T*z) or x — N(T*z) is a T-orbitally upper semicontinuous
function. Then T has at leat one k-fized apex in X.

As an immediate consequence of the preceding two results directly we
obtain a global statement on topological spaces.

Corollary 33.. Let T' be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local k-inf TCS-convergence, and
forn e NU{0} let

jgf M(T'z) >0 for every z € X,

i>n
where x +— M (T*(x)) is a T-orbitally upper semicontinuous function. Then
T has at least one k-fized apex in X.

Let X := (X, A) be a topological space and T' : X — X, where A :
XxX — RQL. In this part we shall introduce the concept of k-inf TCS-
convergence in a space X, i.e., a topological space X satisfies the con-
dition of k-inf TCS-convergence iff x € X, £k € N is a fixed number, and

inf; jon A(T%x, T9x) orinf; j>140k A(T'x, T9z) o1, ..., or inf; jspink AT, TIx)
converges to «ap, i, ..., > 0 respectively implies that {T"(z)},en or
{T™+ 1 (1)} hen or, ..., or {T™**(2)},en has a convergent subsequence

respectively, and if A(z,T%(x)) > a; (i = 0,1,...,k) implies T*(¢) = t,
respectively.

As an immediate application of Theorem 12 we obtain the following form
of the monotone principle for fixed apices on topological spaces.
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Theorem 13. (Expansion Monotone Principle for F. A.). Let T be a map-
ping of a topological space X := (X, A) into itself, where X satisfies the
condition of k-inf TCS-convergence. Suppose that there exists a controlling
function B : X — R[}r such that
(24) A(T*z, T%y) > B(z,y) > inf  A(z,r) >0

z,r€o(x,y,00)
for all z,y € X, where x — A(z,T*z) or x — B(x,T*z) is a T-orbitally
upper semicontinuous function, then T has at least one k-fized apex in X.

As an immediate consequence of this statement we obtain the following
result for uniqueness fixed apices on topological spaces.

Corollary 34.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies the condition of k-inf TCS-convergence. Suppose
that there exists a controlling function B : X x X — R(jr such that

(25) A(T*z, Ty) > B(x,y) > A(z,y)
forallx,y € X, or
(25) A(T* 2, T ) > B(x,y) > A(z,y)

for all x,y € X, where x — A(x,T*z) or x — B(x,T*z) is a T-orbitally
upper semicontinuous function. Then T has a unique k-fixed apex in X.

As an immediate consequence of Theorem 13 we obtain the following
global result for k-inf TCS-convergence on topological spaces.

Corollary 35.. Let T be a mapping of a topological space X := (X, A)
into itself, where X satisfies the condition of k-inf TCS-convergence and for

n € NU{0} let

inf A(T'z,T72) >0 for every z € X,

L,j2n
where x +— A(x, T*(x)) is a T-orbitally upper semicontinuous function, then
T has at least one k-fized apex in X. If additional there exists a controlling
function B : X x X — RY such that (25) or (25°), then T has a unique
k-fized apex in X.

4. TRANSVERSAL SPACES WITH THE NONNUMERICAL TRANSVERSES

Spring upper ordered spaces. Let X be a nonempty set and let in
further P := (P, %) be a partially ordered set such that a,b € P and a < b.
The set (interval) [a,b) is in further defined by

[a,b) :={t€ P:a<xt=<b}.

The function A : X x X — [a,b) C P for a < b is called an upper spring
ordered transverse (or upper spring ordered transversal) on a nonempty
set X iff A(z,y) =a if and only if x = y for all z,y € X.
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An upper spring ordered transversal space X := (X, A) is a non-
empty set X together with a given upper spring ordered transverse A on X,
where every decreasing sequence {u, }nen of elements in [a,b) has a unique
element u € [a,b) as limit (in nottion u, — u (n — o0)). The element
a € [a,b) C P is called spring of space X.

In 1986 we investigated the concept of upper spring ordered TCS-con-
vergence in a space X, i.e., an upper spring ordered transversal space X :=
(X, A) satisfies the condition of upper spring ordered TCS-convergence
iff # € X and if A(T"(z), 7" (z)) — a (n — oo) implies that {T"(z)}nen
has a convergent subsequence in X, by Taskovié¢ [54].

We notice that the sequence {x,, } nen in the upper spring ordered transver-
sal space X := (X, A) is convergent (or upper convergent) in notation x, — x
(n — o0) iff A(zy,,z) — a as n — oo; or equivalently, for a decreasing se-
quence {ap}nen € [a,b) which converges to a the folowing inequality holds
in the form as

A(zp,x) < a, for every n € N,
or for n large enough.

On the other hand, in connection with this, the sequence {zy, }nen in X
will be called upper fundamental (or upper spring fundamental) if the
following inequality holds in the form as

A(zp, Tm) < an for all n,m € N(n <m),

or for n and m large enough, where the decreasing sequence {a, }nen in [a, b)
converges to a.

An upper spring ordered transversal space X := (X, A) is called upper
complete (or upper spring complete) if any upper fundamental sequence
{Zn}nen in X is upper convergent (to a point of X, of course).

On the other hand, an upper spring ordered transversal space X := (X, A)
satisfies the condition of spring sup TCS-convergence iff € X and if
sup; js, A(T" @, T92) or sup; jso, A(Tx, T7x) or sup; j>g,41 A(T"x, TV ) con-
verges to u, v, ¢ € [a, b) respectively implies that {T™(z)}nen or {T%"(z) }nen
or {T?"*1(2)},en has a convergent subsequence respectively, and if A(s,t) <
u, v, or ¢ implies s = ¢, respectively.

Also, if T : X — X, then a function x — A(z,T(z)) is ordered T-
orbitally lower semicontinuous at £ € X if {z,},en is a sequence in
o(x,y,00) and x,, — {(n — o0) implies that A(§,T(€)) < limp—0o A(T" (),
Tn+1(x)).

Theorem 14. (Monotone Principle of F.P.). Let T be a mapping of an upper
spring ordered transversal space X := (X, A) into itself, where X satisfies
the condition of spring sup TCS-convrgence. Suppose that there exists a
controlling function B : X x X — [a,b) for a < b such that

(26) ATz, Ty) < B(z,y) < sup  A(z,r) <b

Z,T‘EO’(ZE,y,OO)
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forallx,y € X or
(267) A(Tz,Ty) < B(z,y) < sup  A(z,7)<b

z,r€o(x,y,00)
forallz,y € X, where v — A(x,Tx) or x — B(xz,Tx) is ordered T-orbitally
lower semicontinuous, then T has at least one fixed point in X . If additional
A(t,t) < sup{A(s,t),A(t,s)} for all s,t € X, then T has a unique fived
point in X.

Let X := (X, M) be a topological space and T': X — X, where M : X —
[a,b) C P. In this part we shall introduce the concept of local sup TCS-
convergence in a space X, i.e., a topological space X satisfies the condition
of local spring sup TCS-convergence iff z € X and sup;,, M (T"x) or
SUpP;>o, M (T'x) or sup;sg, 1 M(T"x) converges to u,v, ¢ = a respectively
implies that {T7(z)}nen or {T2"(z)}nen or {T?"+1(x)},en has a conver-
gent subsequence respectively, and iff M (t) < u,v or ¢ implies T'(t) = t,
respectively.

We are now in a position to formulate the following our theorem on topo-
logical spaces with nonnumerical transverses.

Theorem 15. (Localization Monotone Principle). Let T' be a mapping of
a topological space X := (X, M) into itself, where X satisfies the condition
of local spring sup TCS-convergence. Suppose that there exists a controlling
mapping N : X — [a,b) C P such that

(D) M(Tz) < N(x) < sup M(z)<b foreveryxe X

z€o(x,00)
where x — M(x) or x — N(z) is ordered T-orbitally lower semicontinuous.
Then T has at least one fized point in X .

An immediate consequence of the preceding statement is the following
result.

Corollary 36.. Let T' be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local spring sup TCS-convergence.
Suppose that there exists a controlling function N : X — la,b) C P such
that

(D) M(Tx) < N(z) < M(x) for every x € X,

where M or N s ordered T-orbitally lower semicontinuous. Then T has at
least one fized point in X.

The proof of this statement is an elementary fact because condition (D’)
implies condition (D).

Proof of Theorem 15. Let z € X be an arbitrary point and n € NU{0}
be any nonnegative integers. From (D) for T%(x) we have M (T 'z) <
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N(T'x) X SUD,ep(Tiz00) M (2), and hence

(27) sup M(T'z) < sup N(T'z) < sup M (T"z),
i>n+1 i>n i>n

i.e., we obtain that {sup;~,, M (T"z)},cn is a decreasing convergent sequence
in [a,b) C P. This implies (from local spring sup TCS-convergence) that its
sequence of iterates {7"(x)}nen contains a convergent subsequence
{T™") () }en with limit ¢ € X. Since M : X — [a,b) C P is an ordered
T-orbitally lower semicontinuous function,

M(Q) < Jim M(I""(x)) = lim M(T"(x)) = a

implies that T'(¢) = (. In the cases of other two sequences, in local spring
sup TCS-convergence, the proof is a total analogy. Hence the proof in these
cases we omit. If the controlling function N : X — [a,b) C P is ordered
T-orbitally lower semicontinuous, then from (27) we have the following in-
equalities

N(¢) = lim N(T™")(z)) < lim (sup N(T”(:L‘))

T—00 n—oo ,LG

< lim (sup M(TZ(.I)) = a,
n—00 \ ;>p
which means that M (7T¢) < N(¢) < a and thus T'(¢) = T(T(()), i.e., T has
at least one fixed point. The proof is complete.

As an immediate consequence of Theorem 15, in the case of local spring
TCS-convergence (i. e., the convergence in a) we have directly the following
statement.

Corollary 37.. Let T be a mapping of a topological space X := (X, M)
into itself, where X satisfies the condition of local spring TCS-convergence.
Suppose that there exists a controlling function N : X — [a,b) C P such
that

(28) M(Tz) < N(x) < sup M(z)<b foreveryxe X,

z2€0(x,00)

where x +— M(x) or x — N(x) is ordered T-orbitally lower semicontinuous
such that the following inequality holds

(29) lim (supN(T%)) < lim (supM(T%)),

then T has at least one fized point in X.

In connection with this for z, y € X theset o(z,y, 00) := {x,y, Tz, Ty, Tz,
T2y, ...} is called the orbit of 2 and y. In this part we begin with a statement
which is fundamental for the further considerations.
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Theorem 16. (Corollary of Theorem 15). Let T be a mapping of a topo-
logical space X = (X, A) into itself, where X satisfies the condition of
spring sup TCS-convergence. Suppose that there exists a controlling func-
tion B: X x X — [a,b) C P such that

(B) A(To,Ty) < B(oy) < sup  A(zr) < b

z,reo(x,y,00)
forallz,y € X, where v — A(z,Tx) or x — B(z,Tx) is ordered T-orbitally
lower semicontinuous, then T has at least one fixed point in X.

The following statement give uniqueness of fixed point on topological
spaces with the property of spring sup TCS-convergence.

Corollary 38.. Let T be a mapping of a topological space X := (X, A)
into itself, where X satisfies the condition of spring sup TCS-convergence.
Suppose that there exists a controlling function B : X x X — [a,b) C P such
that

(30) A(Tz,Ty) < B(x,y) < A(z,y) forallz,ye X
or
(30) A(Tz,Ty) < B(z,y) < Alz,y) for all 2,y € X,

where © +— A(z,Tx) or x — B(x,Tz) is ordered T-orbitally lower semicon-
tinuous such that the following inequality holds
(30a) lim ( sup B(Tix,Tj:c)) < lim ( sup A(Tia:,zj)> <b

o0 N j>n oo Nj>n
then T' has a unique fized point ( € X and T"(x) — ¢ as n — oo for
arbitrary r € X.

Theorem 17. (Monotone Principle of F.P.). Let T be a mapping of a
topological space X = (X, A) into itself, where X satisfies the condition of
spring sup TCS-convergence. Suppose that there exists a controlling function
B:X x X — [a,b) C P such that

(31) A(Tz,Ty) < B(z,y) < sup  A(z,r)<b
z,r€o(x,y,00)

forall z,y € X, or

(31) ATz, Ty) < B(z,y) < sup  A(z,7)<b

z,r€0(x,y,00)
forallz,y € X, where v — A(x,Tx) or x — B(xz,Tx) is ordered T-orbitally
lower semicontinuous, then T has at least one fixed point in X . If additional
A(t,t) < sup{A(s,t),A(t,s)} for all s,t € X, then T has a unique fized
point ¢ € X and T"(z) — ¢ as n — oo for arbitrary x € X.

As an immediate consequence of Theorem 17 we obtain the following
global result for spring sup TCS-convergence on topological spaces.
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Corollary 39.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies the condition of spring sup TCS-convergence and for
n € NU{0} let

sup A(T'z, T'z) < b for every x € X,
,j>n
where x — A(x,T(x)) is ordered T-orbitally lower semicontinuous. Then T
has at least one fixed point in X.
If additional there exists a controlling function B : X x X — [a,b) C P
such that (81) or (31°), then T has a unique fixed point ( € X and T™(z) — ¢
as n — oo for arbitrary x € X.

Also, an immediate consequence of Theorem 17, in the case of spring sup
TCS-convergence (i.e., the convergence in a) we obtain directly the following
statement.

Corollary 40.. (Global F.P. Th. for the spring sup TCS-convergence). Let
T be a mapping of a topological space X := (X, A) into itself, where X
satisfies the condition of spring sup TCS-convergence, and for x € X the
following fact holds

sup A(T'z, T’z) - a (n — o0),
ij>n
where x — A(x,Tz) is ordered T-orbitally lower semicontinuous function,
then T has at least one fized point in X.
If additional there exists a controlling function B : X x X — [a,b) C P
such that (31) or (31°), then T has a unique fized point ( € X and T"(z) — ¢
as n — oo for arbitrary x € X.

Let, in the next, X := (X, M) be a topological space and T : X — X,
where M : X — (a,b] C P is a bounded above function. In this part
we shall introduce the concept of local spring inf TCS-convergence in a
space X, i.e., a topological space X satisfies the condition of local spring
inf TCS-convergence iff + € X and inf;>, M (Tx) or inf;>9, M (T x) or
inf;>0,11 M (T%x) converges to u, v, ¢ < b respectively implies that {T™(x) }pen
or {T?(x)}pen or {T?"1(z)},en has a convergent subsequence respec-
tively, and if M (t) >= u, v, or ¢ implies T'(t) = ¢, respectively.

Also, if T : X — X, then a function z — A(z,T(x)) is ordered T-
orbitally upper semicontinuous at { € X if {x,},en IS a sequence in
o(x,y,00) and z, — {(n — oo) implies that A(§,T(§)) = limy, e A(T"(x),
T (z).

Theorem 18. (Localization Monotone Principle). Let T' be a mapping of
a topological space X := (X, M) into itself, where X satisfies the condition
of local spring inf TCS-convergence. Suppose that there exists a sontrolling
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function N : X — (a,b] C P such that
(G) M(Tz) = N(z) %= inf M(z)=a foreveryx e X,

z€o(z,00)
where x — M(x) or x — N(x) is ordered T-orbitally upper semicontinuous.
Then T has at least one fixed point in X.

The proof of this statement is a total analogy with the former proof of
Theorem 15. Thus the proof we omit.

An immediate consequence of the preceding statement is the following
result.

Corollary 41.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local spring inf TCS-convergence.
Suppose that there exists a controlling function N : X — (a,b] C P such
that

(G M(Tzx) = N(x) = M(x) for every x € X,

where M or N 1is ordered T-orbitally upper semicontinuous. Then T has at
least one fized point in X.

The proof of this statement is an elementary fact because condition (G’)
implies condition (G).

Corollary 42.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local spring inf TCS-convergence,

and forn € NU{0} let
inf M(T%(z)) = a for every z € X,

>n
where x +— M (x) is ordered T-orbitally upper semicontinuous. Then T has
at least one fized point in X.

The proof of this statement is a total analogous with the former proof of
Corollary 40. Thus proof we omit.

Uniqueness of fixed point. Let X := (X, A) be a topological space and
T:X — X, where A: X x X — (a,b] C P. In this part we shall introduce
the concept of spring inf TCS-convergence in a space X, i.e., a topological
space X satisfies the condition of spring inf TCS-convergence iff x € X
and inf; j>n, A(T'z, T?x) or inf; j>o0, A(T'x, Tz) or inf; j>on+1 A(T 2, T x)
converges to u, v, ¢ < b respectively implies that {77 (z) }nen or {T?(2) }nen
or {T?"*1(2)},en has a convergent subsequence respectively, and if A(s,t) =
u, v or ¢ implies s = t, respectively.

Theorem 19. (Monotony General Expansion.) Let T be a mapping of a
topological space X := (X, A) into itself, where X satisfies the condition of
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spring inf TCS-convergence. Suppose that there exists a controlling function
B: X x X — (a,b] C P such that
(32) A(Tz,Ty) = B(z,y) >~ inf  A(z,r) = a

z,r€o(x,y,00)
forallx,y € X, or
(327) A(Tz,Ty) = B(x,y) = inf  A(z,r) = a

z,r€0(2,y,00)
for all x,y € X, where x — A(x,Tx) or x — B(x,Tx) is ordered T-
orbitally upper semicontinuous, then T' has at lest one fived point in X. If
A(t,t) = inf{A(t, s), A(s,t)} for all s,t € X, then T has a unique fized point
(e X and T"(x) — ¢ as n — oo for arbitrary x € X.

The proof of this statement is a total analogy with the former proof of
Theorem 17. Thus the proof we omit.

As an immediate consequence of Theorem 19 directly we obtain the fol-
lowing statement on topological spaces.

Corollary 43.. (Global General Expansion). Let T be a mapping of a
topological space X := (X, A) into itself, where X satisfies the condition of
spring inf TCS-convergence and for n € NU {0} let

inf A(T'z,T?x) = a for every x € X,

,j>n
where x — A(z,T(z)) is ordered T-orbitally upper semicontinuous function.
Then T has at least one fixed point in X. In additional there exists a con-
trolling function B : X x X — (a,b] C P such that

(33) A(Tz,Ty) = B(z,y) = A(z,y) foralz,ye X
or
(33) A(Tx,Ty) = B(z,y) = A(z,y) for all v,y € X,

then T' has a unique fizred point ( € X and T"(x) — ¢ as n — oo for
arbitrary r € X.

Let X := (X, M) be a topological space and T' : X — X, where M :
X — [a,b) C P. In this part we shall introduce the concept of local spring
k-sup TCS-convergence in a space X, i.e., a topological space X satisfies
the condition of local spring k-sup TCS-convergence iff x € X, k €
N is a fixed number, and sup;s,, M (T"z) or sup;s ., M(T'z) or, ..., or
SUP;> jynk M (T?x) converges to ag, as, ..., ay = a respectively implies that
{T™(x)}nen or {T™H1(2)}pen or, ..., or {T™+%(2)},cn has a convergent
subsequence respectively, and if M(T*(t)) < «; (i = 0,1,...,k) implies
T*(t) = t, respectively.

We are now in a position to formulate the following our theorem on topo-
logical spaces for the fixed apices.
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Theorem 20. (Localization Monotone Principle for F. A.). Let T be a

mapping of a topological space X := (X, M) into itself, where X satisfies

the condition of local spring k-sup TCS-convergence. Suppose that there

exists a controlling function N : X — [a,b) C P such that

(Ma) M(T*(x)) < N(z) < sup M(z) <b for everyx € X,
z€o(x,00)

where x — M(T*(x)) or x — N(T*(x)) is ordered T-orbitally lower semi-

continuous. Then T has at least one fized k-apex in X.

As an immediate consequence of this statement we have the following
result for fixed apices on topological spaces.

Corollary 44.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies local spring k-sup TCS-convergence. Suppose that
there exists a controlling function N : X — [a,b) C P such that

(Mb) M(T*(x)) < N(z) < M(x) for every z € X,

where x +— M(T*(x)) or x +— N(T*(x)) is ordered T-orbitally lower semi-
continuous. Then T has at least one fized k-apex in X.

Corollary 45.. (Local Form of k-Global F. A. Th.). Let T' be a mapping of
a topological space X := (X, M) into itself, where X satisfies the condition
of local spring k-sup TCS-convergence, and for n € NU {0} let

supM(T%x)) <b foreveryx € X,

>n

where x +— M(T*(z)) is ordered T-orbitally lower semicontinuous, then T
has at least one fixed k-fork in X.

The proof of this statement is a total analogy with the former proof of
Corollary 9. Thus the proof we omit.

Let X := (X, A) be a topological space and T' : X — X, where A :
X x X — [a,b) C P. In this part we shall introduce the concept of spring
k-sup TCS-convergence in a space X, i.e., a topological space X satisfies
the condition of spring k-sup TCS-convergence iff x € X, k € N is a fixed
number, and sup; ;> A(T'z,T’z) or SUD; i>14nk A(T'z,T’z) or, ..., or
SUD; j> ktnk A(T'z, T’x) converges to ag, a1, . .., i = a respectively implies
that {T"(x) }nen or
{Tr +1(2)}pen or, ..., or {T™+k(2)},cn has a convergent subsequence
respectively, and if A(z,T%(x)) < «; (i = 0,1,...,k) implies T*(t) = t,
respectively.

As an immediate application of Theorem 20 we obtain the following form
of the monotone principle for fixed apices on topological spaces.

Theorem 21. (Monotone Principle of F. A.). Let T be a mapping of a
topological space X = (X, A) into itself, where X satisfies the condition
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of spring k-sup TCS-convergence. Suppose that there exists a controlling
function B : X x X — [a,b) C P such that

(34) A(T"z, Thy) < B(z,y) < sup  A(z,r) <b

Z,T‘eO’(CC,y,OO)
for all x,y € X, where v — A(xz,T*z) or x — B(zx,T*x) is ordered T-
orbitally lower semicontinuous, then T has at least one k-fized apex in X.

As an immediate consequence of this statement we obtain the following
result for uniqueness fixed apices on topological spaces.

Corollary 46.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies spring k-sup TCS-convergence. Suppose that there
exists a controlling function B : X x X — [a,b) C P such that

(35) A(T*(2), T*(y) < B(x,y) < Alz,y)
forallx,y € X, or
(357) A(T* (), T*(y)) < B(a,y) < A(z,y)

for all xz,y € X, where v — A(x,T*z) or x — B(zx,T*z) is ordered T-
orbitally lower semicontinuous. Then T has a unique k-fixed apex in X .

Corollary 47.. Let T be a mapping of a topological space X = (X, A) into
itself, where X satisfies the condition of spring k-sup TCS-convergence and
forn e NU{0} let

sup A(T'z, T’z) < b for every z € X,
ij>n
where x +— A(xz, T*z) is ordered T-orbitally lower semicontinuous. Then T
has at least one k-fived apex in X.
If additional there exists a controlling function B : X x X — [a,b) C P
such that (35) or (35°), then T' has a unique k-fived apex in X .

Also, as an immediate consequence of Theorem 21, in the case of spring
sup TCS-convergence (i.e, the convergence in a), we obtain directly the
following result.

Corollary 48.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies the condition of spring sup TCS-convergence and for
x € X the following fact holds

sup ATz, T7z) — a (n — 00),

Lj=>n
where & +— A(xz, T*(x)) is ordered T-orbitally lower semicontinuous, then T
has at least one k-fived apex in X.

If additional there exist a controlling function B : X x X — [a,b) C P

such that (35) or (35°), then T' has a unique k-fized apex in X .
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Let X := (X, M) be a topological space and T : X — X, where M :
X — (a,b] € P. In this part we shall introduce the concept of local
spring k-inf TCS-convergence in a space X, i.e, a topological space
X satisfies the condition of local spring k-inf TCS-convergence iff z € X,
k € N is a fixed number, and inf;>, M (T%z) or inf;>11nx M (T'x) or, ..., or
infi>pynk M (T'z) converges to ag,aq,...,ax < b respectively implies that
{T"(x)}pen or {T™H(2)}pen or, ..., or {T™+%(2)},cn has a convergent
subsequence respectively, and if M(T*(t)) = «; (i = 0,1,...,k) implies
T*(t) = t, respectively.

We are now in a position to formulate the following our theorem on topo-
logical spaces for fixed apices.

Theorem 22. (Localization of General Expansion for F. A.). Let T be a

mapping of a topological space X = (X, M) into itself, where X satisfies the

condition of local spring k-inf TCS-convergence. Suppose that there exists a

controlling function N : X — (a,b] C P such that

(Md) M(T*(z)) = N(z) = inf M(z2)>a foreveryze X,
z€o(x,00)

where x +— M(T*(z)) or x — N(T*(z)) is ordered T-orbitally upper semi-

continuous. Then T has at least one k-fized apex in X.

As an immediate consequence of this statement we have the following
result for fixed apices on topological space.

Corollary 49.. Let T be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local spring k-inf TCS-convergence.
Suppose that there a controlling function N : X — (a,b] C P such that

(M) M(T*(x)) = N(z) = M(z) for every z € X,

where x — M(T*x) or x — N(T*z) is ordered T-orbitally upper semicon-
tinuous. Then T has at least one k-fized apex in X.

As an immediate consequence of the preceding two results directly we
obtain a global statement on topological spaces.

Corollary 50.. Let T' be a mapping of a topological space X = (X, M) into
itself, where X satisfies the condition of local spring k-inf TCS-convergence,

and forn € NU{0} let

inf M(T'z) = a for every x € X,

>n
where x +— M(T*(x)) is ordered T-orbitally upper semicontinuous. Then T
has at least one k-fixed apex in X.

Let X := (X, A) be a topological space and T' : X — X, where A :
X x X — (a,b] C P. In this part we shall introduce the concept of spring
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k-inf TCS-convergence in a space X, i.e., a topological space X satis-
fies the condition of spring k-inf TCS-convergence iff x € X, kK € N is a
fixed number, and inf; j>, A(T'z, Tx) or inf; j>14nk A(T 2, T92) or, ..., or
inf; j>k4nk A(T'x,T’z) converges to ag, a1, ...,a, < b respectively implies
that {T7(z) }nen or {T™ 1 (2)}pen o1, ..., or {T™*(2)},cn has a conver-
gent subsequence respectively, and if
Az, T*(x)) = a; (i =0,1,...,k) implies T*(t) = t, respectively.

As an immediate application of Theorem 22 we obtain the following form
of the monotone principle for fixed apices on topological spaces.

Theorem 23. (Expansion Monotone Principle for F. A.). Let T' be a map-
ping of a topological space X := (X, A) into itself, where X satisfies the
condition of spring k-inf TCS-convergence. Suppose that there exists a con-
trolling function B : X — (a,b] C P such that
(36) A(T*z, T y) = B(z,y) = inf  A(z,r) >~ a

z,reo(x,y,00)
for all x,y € X, where v — A(x,T*z) or x — B(zx,T*z) is ordered T-
orbitally upper semicontinuous, then T has at least one k-fized apex in X.

As an immediate consequence of this statement we obtain the following
result for uniqueness fixed apices on topological spaces.

Corollary 51.. Let T be a mapping of a topological space X := (X, A)
into itself, where X satisfies the condition of spring k-inf TCS-convergence.
Suppose that there exists a controlling function B : X x X — (a,b] C P such
that

(37) A(T"z, ") = B(x,y) - Az, y)
forallx,y € X, or
(37) A(T 2, T*y) = B(z,y) = Az, y)

for all z,y € X, where x — A(z,T*z) or v — B(xz,T*z) is ordered T-
orbitally upper semicontinuous. Then T has a unique k-fized apex in X.

As an immediate consequence of Theorem 23 we obtain the following
global result for spring k-inf TCS-convergence on topological spaces.

Corollary 52.. Let T' be a mapping of a topological space X = (X, A) into
itself, where X satisfies the condition of spring k-inf TCS-convergence and
forn e NU{0} let

inf A(T'z,T7z) = a for every x € X,

L,j=n
where x — A(x, T*(x)) is ordered T-orbitally upper semicontinuous, then T
has at least one k-fived apex in X.

If additional there exists a controlling function B : X x X — (a,b] C P

such that (37) or (37°), then T' has a unique k-fized apez in X.
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Spring lower ordered spaces. Let X be a nonempty set and let P :=
(P, <) be a partially ordered set such that a,b € P and a < b. The set
(interval) (a,b] is defined by

(a,b] :={te P:a<t=<b}

The function A: X X X — (a,b] C P for a < b is called a lower spring
ordered transverse (or lower spring ordered transversal) on a nonempty
set X iff A(z,y) =10 if and only if x =y for all z,y € X.

A lower spring ordered transversal space X := (X, A) is a nonempty
set X together with a given lower spring ordered transverse A on X, where
every increasing sequence {uy, }nen of elements in (a, b] has a unique element
w in (a, b] as limit (in nottion u, — u (n — 00)). The element b € (a,b] C P
is called spring of space X.

In 1986 we investigated the concept of lower spring ordered TCS-conver-
gence in a space X, i.e., a lower spring ordered transversal space X := (X, A)
satisfies the condition of lower spring ordered TCS-convergence iff
r € X and if A(T™(x), T"(x)) — b (n — oo) implies that {T™(x)},en has
a convergent subsequence in X, by Taskovi¢ [54].

We notice that the sequence {z, }nen in the lower spring ordered transver-
sal space X := (X, A) is convergent (or lower convergent) in notation x,, — x
(n — o0) iff A(xy,z) — b as n — oo; or equivalently for an increasing se-
quence {b,}nen € (a,b] which converges to b the folowing inequality holds
in the form as

A(xp,x) > by, for every n € N,

or for n large enough.

On the other hand, in connection with this, the sequence {x,}nen in
X will be called lower fundamental (or lower spring fundamental) if the
following inequality holds in the form as

A(xy, Tm) > by for all n,m € N (n < m),

or for n and m large enough, where the increasing sequence {b, },en € (a,b]
converges to b.

A lower spring ordered transversal space X := (X, A) is called lower
complete (or lower spring complete) if any lower fundamental sequence
{Zp}nen in X is lower convergent (to a point of X, of course).

On the other hand, a lower spring ordered transversal space X := (X, A)
satisfies the condition of spring inf TCS-convergence iff x € X and if
inf; jon A(T 'z, T7x) or inf; j>on A(T'x, T?2) or inf; j>on+1 A(T'z, Tx) con-
verges to u, v, ¢ € (a, b] respectively implies that {T™(z)}nen or {T%"(z)}nen
or {T?"*1(2)},.en has a convergent subsequence respectively, and if A(s,t) =
u, v, or ¢ implies s = t, respectively.

Theorem 24. (Monotone Principle of F.P.). Let T' be a mapping of a lower
spring ordered transversal space X := (X, A) into itself, where X satisfies
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the condition of spring inf TCS-convrgence. Suppose that there exists a con-
trolling function B : X x X — (a,b] for a < b such that
(38) A(Tz,Ty) = B(z,y) >~ inf  A(z,r) = a

z,r€o(x,y,00)
forallx,y € X or
(38 A(Tz,Ty) = B(x,y) = inf  A(z,r) = a

z,r€0(x,y,00)
forallz,y € X, where v — A(x,Tx) or x — B(z,Tz) is ordered T-orbitally
upper semicontinuous, then T has at least one fixed point in X.
If additional A(t,t) = inf{A(s,t), A(t,s)} for all s,t € X, then T has a
unique fized point in X.

Asymptotic conditions on spring ordered spaces. We are now in a
position to formulate first the following our theorem on upper spring ordered
spaces.

Theorem 25. Let T' be a mapping of upper spring ordered transversal space
X = (X, A) into itself, where X satisfies the condition of upper spring or-
dered TCS-convergence. Suppose that for all x,y € X there exist a sequence
of functions {c,(x,y) nen such that a,(x,y) — a (n — o00) and positive
integer m(x,y) such that

(R) AT (), T™"(y)) < an(z,y) for all n>m(z,y),

where x — A(z,T(x)) is ordered lower semicontinuous, then T' has a unique
fized point £ € X and T"(z) — & (n — o0) for each x € X.

A proof of this statement may be found in: Taskovié [51]. For second
proof of this statement see: Taskovié [37].

We notice that, from the preceding facts of this paper, we can give the
following local form of this statement.

Theorem 26. (Localization of (R)). Let T be a mapping of upper spring
ordered transversal space X = (X, A) into itself, where X satisfies the condi-
tion of upper spring ordered TCS-convergence. Suppose that for each x € X
there ezist a sequence of functions {cu, (x, T'(x)) fnen such that ay(z, T (z)) —
a (n — 00) and positive integer m(z, T (z)) such that

A(T™(z), T (2)) < anlz, T(z)) for all n>m(z,T(z)),
where x — A(x,T(z)) is ordered lower semicountinuous, then T' has at least

one fized point in X.

In the next, we are now in a position to formulate the following our
statement on lower spring ordered spaces.

Theorem 27. Let T be a mapping of lower spring ordered transversal space
X := (X, A) into itself, where X satisfies the condition of lower spring or-
dered TCS-convergence. Suppose that for all x,y € X there exist a sequence
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of functions {an(x,y)nen such that an(z,y) — b (n — 00) and positive
integer m(x,y) such that

(G) A(T"(x), T™(y)) = an(z,y) for all n>m(x,y),

where x — A(xz,T(x)) is ordered upper semicontinuous, then T has a unique
fized point £ € X and T"(z) — & (n — o0) for each z € X.

A proof of this statement may be found in: Taskovié [51]. For second
proof of this statement see: Taskovié [37].

We notice that, from the preceding facts of this paper, we can give the
following local form of this statement.

Theorem 28. (Localization of (G)). Let T be a mapping of lower spring
ordered transversal space X := (X, A) into itself, where X satisfies the con-
dition of lower spring ordered TCS-convergence. Suppose that for each x € X
there exist a sequence of functions {cu, (z, T(x)) }nen such that ay,(x, T(z)) —
b (n — o0) and positive integer m(x,T(z)) such that

A(T™(x), T (2)) = an(z, T(z)) for all n>m(z,T(z)),

where x — A(x,T(x)) is ordered upper semicountinuous, then T has at least
one fized point in X.

We notice that a middle spring ordered transversal space X is an
upper spring ordered transversal space and a lower spring ordered transversal
space simultaneous. For further facts on middle spring ordered transversal
spaces see: Taskovié [51].

This paper continues the study of the Transversal Chaos Spaces (upper, lower
and middle) which have been introduced in mathematics in 1998 by M. R.
Taskovié The aim of this paper is to provide some characterizations of a com-
mon fixed point for three maps on a transversal parametric spring spaces (upper,
lower and middle) with the property of HCS-convergence.

This concept have very important applications in numerical analysis and quan-
tum particle physics by L. Collatz [Funktionalanalysis und Num. Math.,
Springer — Verlag, Berlin 1964] and El. Nashie [A review of E-infinity the-
ory and the mass spectrum of high energy particle physics. Chaos, Solitons &
Fractals 2004; 19: 209-36].

We notice that the upper transversal parametric spaces have been in-
troduced in 1998 by Taskovi¢ [46]. For further facts on upper transversal
parametric chaos spaces see: Taskovi¢ [51].

Let X be a nonempty set, P := (P, <) be a partially ordered set, and let
S be a totally ordered set.

In connection with the preceding facts, the function M : X x X x§ —
[a,b] C P (or M : X x X xS — [a,b) C P) for a < b is called an upper
parametric spring transverse on X (or upper parametric spring transver-
sal) iff: there is ¢ € S such that M (u,v,t) = a for every t > ¢ = a if and



64 TRANSVERSAL THEORY OF FIXED PoINT, FIXED APICES, AND FORKED POINTS

only if u = v, and M (u,v,t) — a as t — supS (or M (u,v,t) = M(u,v,s)
and t # s implies u = v) for all u,v € X.

An upper transversal parametric spring space is a set X together
with a given upper parametric spring transverse M : X x X xS — [a, b] for
some a < b in notation X := (X, M). The element a € [a,b) is called spring
of space X.

Otherwise, the function M is called a semiupper parametric spring
transverse on X (or semiupper parametric spring transversal) iff: there is
¢ € S such that M(u,v,t) = a for every t > ¢ > a implies v = v, and
M(u,v,t) — a as t — supS (or M(u,v,t) = M(u,v,s) and t # s implies
u = v) for all u,v € X. A semiupper transversal parametric spring
space X := (X, M) is a set X together with a given semiupper parametric
spring transverse on X.

Let X := (X, M) be an upper transversal parametric spring space. For
S C X we denoted tpc. diam(S) as a transversal parametric spring diameter
of S, in the sense that

tpc. diam(S) := sup {M(:z:,y,t) TS S},

where ¢t € S and S C Y implies tpc. diam(S) < tpc. diam(Y).

Elements of an upper parametric spring transversal space will usually be
called points. Given an upper parametric spring transversal space X :=
(X, M) and a point z € X, the open ball of center z and radius r is the set

M(B(z,r)) := {:U € X:M(zx,t) < r},

where ¢t € S. The upper parametric spring convergence T, — T as n — 00 in
the upper transversal parametric spring space X := (X, M) means that the
following fact holds that

M(xp,z,t) —a (forteS) as n— oc.

The sequence {x, }nen in the upper transversal parametric spring space
X := (X, M) is called upper transversal parametric spring sequence
(or upper parametric spring Cauchy sequence) iff: for every decreasing se-
quence {ay }nen which converge to a there is an ng = ng(e) such that

M (xp, Tpm,t) < an for all n,m > ny.

Let X be an upper transversal parametric spring space. We notice, from
Taskovié [54], that a sequence {x;, }nen in X is said to be upper transversal
parametric spring sequence if and only if

lim (tpc. diam{zy : k > n}) = a.
n—oo

In this sense, an upper transversal parametric spring space is called upper
parametric spring complete iff every upper transversal parametric spring
sequence upper parametric spring converges. Also, a space X := (X, M)
is said to be upper parametric spring orbitally complete (or upper
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parametric spring T-orbitally complete) iff every upper parametric spring
transversal sequence which contained in O(z) := {x, Tx,T?z, ...} for some
x € X upper parametric spring converges in X.

Also, for the convergence of a sequence {xy, }nen in the upper transversal
parametric spring spaces see: Taskovié¢ [54, p. 87, 83 and 89].

Let X be an upper transversal parametric spring space. We shall con-
sider the concept of HCS-convergence in a space X by Taskovi¢ [51]; i.e.,
an upper transversal parametric spring space X satisfies the condition of
HCS-convergence iff {z,},cn is a sequence in X and if the convergence
of the sequence {M (xy, Tpi1,t)}nen implies that {x,},en has two conver-
gent subsequences {Zg, () }ren and {Ta,()41}ren to a point £ € X. For
this form of convergence on topological spaces see: Taskovié¢ [37, p. 61].
For another convergence (in the classical sense) on the upper transversal
parametric spaces see: Taskovi¢ [50].

Also, let f and h be self maps on a transversal upper parametric spring
space X. They are compatible if lim,, . fh(z,) = lim, o hf(x,), when-
ever {2, Inen is a sequence in X such that lim,, .~ f(2,) = limy, o0 h(x,) =
& for some point £ € X.

On the other hand, the mappings f and h from a transversal upper para-
metric spring space X into itself are weakly compatible if they commute
at their coincidence point, i.e., f(§) = h(§) implies that fh(§) = hf(&).
We notice that a pair {f, h} of compatible maps is weakly compatible, but
converse is not true in general.

We are now in a position to formulate the following statement, as a conse-
quence of the preceding facts, on upper transversal parametric spring spaces.

Theorem 29. (Characterization of the common fixed point). Let f and h
be maps from a transversal upper parametric spring space X := (X, M) into
itself which is with the property of HCS-convergence, where t — M (u,v,t)
is decreasing and (u,v) — M (u,v,t) is continuous with respect to sequences
and symmetrical.

Then f and h have a common fixed point in X if and only if there exists
a continuous with respect to sequences mapping T : X — f(X)Nh(X) such
that the pair {f, T} is compatible and the pair {h,T} is weakly compatible
and

(M) M(T:U,Ty, go(t)) <X M(fx,hy,t) forall z,y€X,

where ¢ :' S — S is a function satisfying ¢ < @(t) <t for every t > ¢ = a.
Also, in this case, f, h and T have a unique common fixed point in X.

Proof. Necessity. Suppose f(§) = h(§) = £ for some £ € X and let
T(zx) = £ for all x € X. Thus, T is a continuous mapping of X into
f(X)NAh(X). Also, T commutes with f and h and thus { f, T} is compatible
and {h, T} is weakly compatible. On the other hand, for any ¢ > ¢ (t € S),
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we obtain
M (Ta, Ty, o(t)) = M (€6, 9(t)) = a < M(fz, hy,t)

for all z,y € X. This proves the necessity.

Sufficiency. Conversely of the preceding conditions, suppose that T is
with the properties in statement. Define yo = f(x¢) for an arbitrary fixed
zo € X. Since T(X) C h(X) we can choose a point 1 € X such that
h(z1) = T'(zo) = y1. Inequality T'(X) C f(X) yields a point x5 € X such
that f(z2) = T'(x1) = y2. In further, having chosen the point zg,_o we
choose a point xo,_1 such that h(ze,—1) = T(z2n—2) = yon—1. Also, for
the point x9, we have f(x9,) = T(x2p—1) = y2n. From (M) we have the
following inequality in the form

M<y2n+1, Yon+2, Cﬂ(t)) = M(T(azgn), T(xon+1), go(t)) <
< M(f(l'%)a h($2n+1)at) = M(y2nay2n+17t>,

as and the following inequality, similarly in the following form via symmetry
as

M<y2n+27 Y2n+3, @(ﬂ) = M(T($2n+2), T(72n+1), @(t)) <
< M(f($2n+2), h(z2n+1), t) = M(y2n+1> Y2n+2, t>,

which means that the following inequality holds in the form as

M(ymyn-i-l, so(t)> < M(Yyn—1,Yn,t) for every n € N.

Hence, the sequence { M (yn, Yn+1,t) fnen is a convergent sequence in [a, b].
This implies (from HCS-convergence) that its sequence {y,}nen contains
convergent subsequences {yn(k)}kEN with limit £ € X, such that hence we
obtain

klgglo Yn(k) = kli{f)lo f(@onw)) = klgglo h(zanky-1) = &

Since T is continuous and the pair {f, T} is compatible, we have T'(§) =
limy, oo fT(Ton(k)). Now for any ¢ = ¢ (t € S) we obtain

M<T(Tx2n(k))7 T(:EQn(k)—l)v (Pm—’—l(t)) <
< M(f(Tx2n(k))7 h(Zon(k)-1), @m(t)>

for all m € NU {0}. Thus, as k — oo, we have the following inequality in
the form as

M(T(©).&¢™ (1) < M(T(©).¢.™ (1)),
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for all m € NU {0}, i.e., we obtain and the following inequality in the form
as

(39) M(T(€). 6™ (1) < M(T(©)..t)

for all m € SU{0}. Since t — M (u,v,t) is a decreasing function and ¢(t) < ¢
for every t € S we obtain the following inequality in the form as

(40) M(T(©),€.t) < M(T(©). & ™' (1)),
such that from (39) and (40) we obtain the following equality
M(T(€),&¢™ (1)) = M(T(§),&,t) = Constant € [a, b]

Taking ¢t — sup S we obtain that Constant= a and hence T'(§) = ¢ for some
¢ € X. On the other hand, since T'(X) C f(X) there exists z € X such that
f(z)=T(). If T(z) =&, from (M), we obtain

M (T(2), T(any1)s 0(t)) < M (£(2), h(@angy 1))

hence, as k — oo to obtain for any t > ¢ (¢t € S) that

M(T(2),6.0() < M(f(2),6:1) = M(E.&) = a,

however, on the other hand, since M (T'(2),&,t) < M(T(2),&, ¢(t)) it follows
M(T(z), &,t) = a for every t = ¢ (t € S); which means T(z) = £ =
T(&) = f(z). Now {f, T} is compatible, T'(z) = f(z) implies that T'(f(z)) =
f(T(z)), i.e., hence f(§) = &. Also, for T(X) C h(X) we obtain that there
exists an r € X such that T'(§) = h(r). We show that T'(r) = £. Applying
(M) for any ¢ > ¢ (t € S) we have

M(T(€). T().0(1)) < M(F().hr).t) = M(E.&1) =

h
and so M(T(€), T(r), t) < M(T(€),T(r), $(£)) < a, i.e., thus T(r) = T(€).
Since {h,T} is weakly compatible, T'(r) = h(r) implies that h(T(r)) =
T'(h(r)), and thus h(§) = L(T(r)) = T'(h(r)) = T(§) = £, which means that
£ is a common fixed point of three mappings f, h and T which is sufficiency.
In further, suppose that u and v are two different common fixed points of
three maps f, h and T. Then, from (M), we obtain

M (w0, (1)) = M(T(w), T(0), 9™ (1)) <

< M (. b)) = M (w007 (1)),

hence M (u,v, ™" 1(t)) < M(u,v,t). Because, for any t = ¢ (t € S)
we have M(u,v,t) < M(u,v, o™ 1(t)), which means that M(u,v,t) =
M (u,v, 0™ *1(t)) = Constant € [a,b]. Hence, as t — supS, we obtain
that Constant= a, i.e., v = v. The proof is complete.

Consequenceses of Theorem 29. As immediate applications of The-
orem 29 first we have many examples different spaces for which Theorem



68 TRANSVERSAL THEORY OF FIXED PoINT, FIXED APICES, AND FORKED POINTS

29 holds. Also, second, as immediate consequences of Theorem 29 we can
obtain special statements via special conditions (necessary and sufficient)
for existing a unique common fixed point for four mappings.

We notice that the lower transversal parametric spaces have been in-
troduced in 1998 by Taskovi¢ [37]. For further facts on lower transversal
parametric spring spaces see: Taskovié¢ [51].

Let X be a nonempty set, let P := (P, <) be a partially ordered set, and
let S be a totally ordered set. In connection with the preceding facts, the
function N : X x X xS — [a,b] (or N : X x X xS — (a, b]) for a < b is called
a lower parametric spring transverse on X (or lower parametric spring
transversal) iff: there is ¢ € S such that N(u,v,t) = b for every ¢t > ¢ = a if
and only if u = v, and N(u,v,t) — bast — supS (or N(u,v,t) = N(u,v,s)
and ¢t # s implies u = v) for all u,v € X.

A lower transversal parametric spring space is a set X together
with a given lower parametric spring transverse N : X x X x S — [a, b] for
a < b, in notation X := (X, N). The element b € (a,b] is called spring of
space X.

Otherwise, the function N is called a semilower parametric spring
transverse on X (or semilower parametric spring transversal) iff: there is
¢ € S such that N(u,v,t) = b for every t > ¢ > a implies u = v, and
N(u,v,t) — bast — supS (or N(u,v,t) = N(u,v,s) and t # s implies
u = v) for all u,v € X. A semilower transversal parametric spring
space X := (X, N) is a set X together with a given semilower parametric
spring transverse on X.

Let X := (X,N) be a lower transversal parametric spring space. For
S C X we denoted tpc. diam(.5) as a transversal parametric spring diameter
of S, in the sense that

tpc. diam(S) := inf {N(x,y,t) tx,Y € S},

where ¢t € S and S C Y implies tpc. diam(S) = tpc. diam(Y).

Elements of a lower parametric spring transversal space will usually be
called points. Given a lower parametric spring transversal space X := (X, V)
and a point z € X, the open ball of center z and radius r is the set

N(B(z,r)) := {$ € X :N(z,x,t) > r}

where t € S. The lower parametric spring convergence x, — x as n — o0 in
the lower transversal parametric spring space X := (X, N) means that the
following fact holds that

N(zp,z,t) = b (forte€S) as n — oc.

The sequence {x,}nen in the lower transversal parametric spring space
X := (X, N) is called lower transversal parametric spring sequence
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(or lower parametric spring Cauchy sequence) iff: for every increasing se-
quence {by, }nen which converge to b there is an ng = ng(e) such that

N(xp, Tm,t) = by, for all n,m > ng

and t € S. Let X be a lower transversal parametric spring space. We
notice, from Taskovié¢ [54], that a sequence {z, }nen in X is said to be lower
transversal parametric spring sequence if and only if

lim (tpc. diam{zy : k > n}) =b.

In this sense, a lower transversal parametric spring space is called lower
parametric spring complete iff every lower transversal parametric spring
sequence lower parametric spring converges. Also, a space X := (X, N)
is said to be lower parametric spring orbitally complete (or lower
parametric spring T-orbitally complete) iff every lower parametric spring
transversal sequence which contained in O(z) := {z, Tz, T?z,...} for some
x € X lower parametric spring converges in X.

For the convergence of a sequence {xy}nen in the lower transversal para-
metric spring spaces see: Taskovi¢ [54, p. 87, 88 and 89|.

Let X be a lower transversal parametric spring space. We shall consid-
ered the concept of HCS-convergence in a space X by Taskovié¢ [51]; i.e., a
lower transversal parametric spring space X satisfies the condition of HCS-
convergence iff {x,},en is a sequence in X and if the convergence of the
sequence { M (xy, Tp41,t) }nen implies that {x, }nen has two convergent sub-
sequences {Top(r) }ren and {ZTopn(r)41}ren to a point § € X. For this form
of convergence on topological spaces see: Taskovi¢ [37, p. 61|. For an an-
other convergence (in the classical sense) on the lower transversal parametric
spaces see: Taskovi¢ [50].

Also, let f and h be self maps on a transversal lower parametric spring
space X. They are compatible if lim,,_,~ fh(x,) = lim, o hf(zy), when-
ever {Zp }nen is a sequence in X such that lim,, o f(2y) = limy,— o0 h(x,) =
¢ for some point £ € X.

On the other hand, the mappings f and h from a transversal lower para-
metric spring space X into itself are weakly compatible if they commute
at their coincidence point, i.e., f(§) = h(§) implies that fh(§) = hf(&).
We notice that a pair {f, h} of compatible maps is weakly compatible, but
converse is not true in general.

We are now in a position to formulate our following statement, as a conse-
quence of the preceding facts, on lower transversal parametric spring spaces.

Theorem 30. (Characterization of the common fixed point). Let f and h
be maps from a transversal lower parametric spring space X = (X, N) into
itself which is with the property of HCS-convergence, where t — N(u,v,t)
is increasing and (u,v) — N(u,v,t) is continuous with respect to sequences
and symmetrical.
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Then f and h have a common fixed point in X if and only if there exists
a continuous with respect to sequences mapping T : X — f(X)Nh(X) such
that the pair {f, T} is compatible and the pair {h,T} is weakly compatible
and

(N) N(Ta,Ty, o)) = N(fa,hy,t) for all @,y € X,

where ¢ : S — S is a strictly increasing function for any t > c = a satisfying
o(c) =c and p(t) <t for anyt > c = a. Also, in this case, f, h and T have
a unique common fixed point in X.

Proof. Necessity. Suppose f(§) = h(§) = £ for some £ € X and let
T(zx) = ¢ for all x € X. Thus, T is a continuous mapping of X into
f(X)NAh(X). Also, T commutes with f and h and thus {f, T} is compatible
and {h, T} is weakly compatible. On the other hand, for any ¢ > ¢ (t € S),
since ¢(t) = ¢(c) = ¢, we obtain

N (T2, Ty, (1)) = N (&,6.9(8)) =b = N(fa, hy,1)

for all x,y € X. This proves the necessity.

Sufficiency. Conversely of the preceding conditions, suppose that T is
with the properties in statement. Define yo = f(z¢) for an arbitrary fixed
zo € X. Since T(X) C h(X) we can choose a point 1 € X such that
h(z1) = T(x0) = y1. Inequality T(X) C f(X) gives a point zo € X such
that f(xze) = T(x1) = y2. In further, having chosen the point x9,_o we
choose a point a,—1 such that h(zen—1) = T(z2n—2) = yan—1. Also, for
the point za, we have f(x2,) = T(z2n—1) = yan. From (N) we have the
following inequality in the form

N(y2n+1, Yon+2, <P(t)> = N<T(3:2n),T(:n2n+1), <p(t)) =

= N(f@an), hwans),t) = N (vm v2ns1, 1),

as and the following inequality, similarly in the following form via symmetry
as

N<y2n+27 Y2n+3, 60(75)> = N(T(x2n+2), T(x2n41), go(t)) =

= N(f($2n+2), h($2n+1),t) = N<y2n+1, an+2,t),

which means that the following inequality holds in the form as

N(ymynH, so(t)) = N(Yn-1,Yn,t) for every n € N.

Hence, the sequence {N (Y, Yn+1,1) tnen is a convergent sequence in [a, b].
This implies (from HCS-convergence) that its sequences {y,}nen contains
convergent subsequences {yy ) ren With limit § € X, such that hence we
obtain

A gy = Mm f(zonp) = Hm A(zanm)-1) =&
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Since T is continuous and the pair {f, T} is compatible, we have T'(§) =
limy, oo fT(Ton(k)). Now for t = ¢ (t € S) we obtain

N (T(T 009, T(@an 1), ™1 (1) =

= N(f(TIEQn(k))a h(@an(k)-1), SOm(t))

for all m € NU {0}. Thus, as k — oo, we have the following inequality in
the form as

N(T(©),6¢™ (1)) = N(T(©), & 0™ (1)),

for all m € NU {0}, i.e., we obtain and the following inequality in the form
as

(41) N(T©). & (1) = N(T(©).6.t)

for all m € NU {0}. Since t — N(u,v,t) is an increasing function and
©(t) <t for every t € S we obtain the following inequality in the form as

(42) N(T(€),6.t) = N(T(©). & ™ (1))
such that from (41) and (42) we obtain the following equality

N(T(), & ¢ (£)) = N(T(€),,t) = Constant € [a, .

Taking ¢ — sup S we obtain that Constant= b and hence T'(£) = £ for some
¢ € X. On the other hand, since T'(X) C f(X) there exists z € X such that
f(z)=T(). If T(z) =&, from (N), we obtain

N(T(2), T(@any 1), 2(8)) = N(£(2), h@angy 1))

hence, as k — oo to obtain for ¢ = ¢ (¢t € S) that

N(T(2).60() = N(f(2),6:1) = N&.&1) = b,

however, on the other hand, since N(T'(2),{,t) = N(T(z),&, ¢(t)) it fol-
lows N(T(z), &,t) = b for every t = ¢ (t € S); which means T(z) =
& =T = f(z). Now {f,T} is compatible, T(z) = f(z) implies that
T(f(z)) = f(T(z)), i.e., hence f(&) = &. Also, for T(X) C h(X) we obtain
that there exists an r € X such that T'(¢) = h(r). We show that T'(r) = &.
Applying (N) for t > ¢ (t € S) we have

N(T(©).T(), 0(t)) = N(£(6)

and so N(T'(£),T(r),t) = N(T(),T(r),
Since {h,T} is weakly compatible, T'(r) =
T'(h(r)), and thus h(§) = (T (r)) = T'(h(r)

h
£ is a common fixed point of three mappings f,

)t fo,t):

)) = b, ie., thus T(r) = T().
(r) 1mphes that h(T'(r)) =
T (&) = &, which means that
h and T which is sufficiency.

h(r)
p(t
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In further, suppose that v and v are two different common fixed points of
three maps f, h and 7. Then, from (N), we obtain

N(u, v, gpmﬂ(t)) = N(T(u), T(v), gomH(t)) =
= M( ), h(v), " (6)) = N (u,0,6™ (1))

hence N(u,v, ™" (t)) = N(u,v,t). Because, for t = ¢ (t € S) we have
N(u,v,t) = N(u v, @™ 1(t)), which means that

N(u,v,t) = N(u,v, ™" (t)) = Constant € [a, b].

Hence, as t — supS, we obtain that Constant= b, i.e., u = v. The proof is
complete.

Consequenceses of Theorem 30. As immediate applications of The-
orem 30 first we have many examples different spaces for which Theorem
30 holds. Also, second, as immediate consequences of Theorem 30 we can
obtain special statements via special conditions (necessary and sufficient)
for existing a unique common fixed point for four mappings.

Middle transversal parametric spring spaces. We notice that the
middle transversal parametric spaces have been introduced in mathemat-
ics in the year 1998 by Taskovié¢ with only other name as transversal
spaces. This spaces are extension so-called middle transversal interval spaces
which was introduced in 2003 by Taskovi¢ [46]. For further facts on middle
transversal parametric spaces see: Taskovié [51].

In the preceding context, a middle transversal parametric spring
space (or middle parametric spring space) is an upper transversal parametric
spring space and a lower transversal parametric spring space, simultaneous.

In other vords, a middle transversal parametric spring space in
notation X := (X, M, N) is a set X together with a given upper parametric
spring transverse M : X x X xS — [a,b] C P and with a given lower
parametric spring transverse N : X x X xS — [a,b] C P for a < b. We
notice that a middle transversal parametric spring space has two springs: a
and b.

Elements of a middle transversal parametric spring space will usually be
called points. Given a middle transversal parametric spring space X :=
(X, M, N) and a point z € X, the open ball of center z and radius r is the
set defined for t € S as

H<B(z,r,t)) = {x € X :N(z,z,t) = r,M(z,z,t) < 7‘}.

The convergence x,, — x as n — oo in the middle transversal parametric
spring space X := (X, M, N) means that

M(xp,z,t) - a and N(x,,z,t) - b asn— o
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for arbitrary ¢ € S. The sequence {x,,}nen in the middle transversal para-
metric spring space X := (X, M, N) is called middle transversal para-
metric spring sequence (or middle parametric spring Cauchy sequence)
iff for every decreasing sequence {ay, }nen which converge to a and for every
increasing sequence {by, }nen which converge to b and for every ¢ € S there
is an ng = ng(e, t) such that

M (xp, T, t) < an and  N(xp, Tm,t) = by

for all n,m > ng.

In this sense, a middle transversal parametric spring space is called mid-
dle complete iff every middle transversal parametric spring sequence con-
verges.

Also, a space X := (X, M, N) is said to be middle parametric spring
orbitally complete (or middle parametric spring T-orbitally complete) iff
every middle parametric spring transversal sequence which contained in the
orbit O(z) for some = € X converges in X.

We are now in a position to formulate our the following statement, as
a consequence of the preceding results, on middle transversal parametric
spring spaces.

Theorem 31. Let f, h and u be maps from a transversal middle parametric
spring space X := (X, M, N) into itself, where ¢ = a and where X satisfies
the condition of HCS-convergence. Suppose thatt — M (u,v,t) is decreasing,
t — N(u,v,t) is increasing, (u,v) — M (u,v,t) and (u,v) — N(u,v,t) are
continuous with respect to sequences and symmetrical.

Then f, h and p have a common fized point in X if and only if there exists
a continuous with respect to sequences mapping T : X — f(X)Nh(X)Nu(X)
such the pair {f, T} is compatible, the pair {h,T} is weakly compatible and
the pair {u, T} is compatible, and

(43) M (T, Ty, o(t)) < M(fz, hy,t)
and
(44) N (T, Ty, (1)) = N(uz, hy,t)

forallx,y € X, where ¢ : S — S (¢(c) = ¢) is a strictly increasing function
for every t = c = a satisfying @(t) < t for every t = ¢ = a. Also, in this
case, f, h, u and T have a unique common fixed point in X.

Proof. Applying Theorem 29 we obtain that T'(§) = f(§) = h(§) = &
for some £ € X. On the other hand, applying Theorem 30, it follows that
T(n) = u(n) = h(n) = n for some n € X. We complete the proof by showing
that f, h, p and T can have at most one common fixed point: for, if £ # 75
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were two common fixed points (in the preceding sense), then we have

M(E . o(t) = M(T(€). T(m), (1)) < M(f(f), h(n),t) = M(&n. ),
N (& e®) = N(T(€. T, o(1)) = N (u(©), hin).t) = N(&,m.8),

Le. M(£777 ¥ ( )) (5 B ) and N(é) (:Dn(t)) (6)777 ) hence a’pply_
ing the preceding facts we obtain M (£, n,a) = b < M(&,n,t) and N(§,n,a) =
yE=m A

a = N(&m,t), which is contradicting, i.e. Iso, this means unique-
ness. The proof is complete.

5. FORKED POINTS ON TOPOLOGICAL SPACES

Let X be an arbitrary nonempty set, T" be a mapping from X into X, and
P := (P, <) a nonempty partially ordered set. A mapping f : X — P (or
T : X — X) has a forked point (or furcate point) p € X if the following
equality holds in the form

(Ra) f(p) = f(Tp) forsome pe X;

frequently, we say that in this case (Ra), the mapping f : X — P has a pair
(p, Tp) of bifurcation points, or that T : X — X has a forks point p € X.

In this context, we notice that the preceding statements, de facto, are
results on forked points. If X = P = [0, 1], then an illustrative situation of
the forked points is given on Figs. 5, 6 and 7.

0 D Tp 1 0 p Tp 1

WML
L

Oprsz 1

FIGURE 7
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We notice that many problems in nonlinear functional analysis (as and
in the fixed point theory) are reducible to the ezistence of forked points of
certain mappings.

Further, let P := (P, <) be a partially ordered set with a minimum (or
with the property that every nonempty subset in P has an infimum) such
that every decreasing sequence {xy}nen in P has a limit in P, denoted by
lim,, 00 Tny

In connection with this, we shall introduce the concept of lower ordered
RBS-convergence in a topological space X for B : X — P, i.e., a topolog-
ical space X satisfies the condition of lower ordered RBS-convergence
iff {ay(x)}nen is an arbitrary sequence in X with arbitrary z € X and if
B(an(x)) — b=b(x) € P (n — oo) implies that {a,(z)},en has a conver-
gent subsequence {a,)(7)}ren Which converges to £ € X, where

B(¢) < inf lim B<an(k)(m)).

zeX k—oo

Theorem 32. (Forked points existence, Taskovi¢ [51]). Let T' be a mapping
of a topological space X into itself, where X satisfies the condition of lower
ordered RBS-convergence. If

(Bu) B(Tx) < B(xz) for every z € X,

then for T there exists a forked point £ € X, 1.e., then the following equalities
hold in the form

(Ri) B(T€) = B(¢) = a := inf lim B(bn(x))

reX n—0oo

for some sequence {by(x)}nen in X which converges to the forked point
EeX.

A brief proof of this statement based on some elementary facts may be found in
Taskovié [51]. For this, also see Taskovié [40].

Proof of Theorem 32. Let z be an arbitrary point in X. Then from
the inequality (Bu) we obtain the following inequalities in the form

(45) o< B(T"M2) x B(T"z) < --- < B(Tx) < B(w)

for every n € N U {0} and for every x € X. Thus, for the sequence
{B(T" )} penugoy from (45), we obtain that B(T"x) — b € P (n — oo) with
arbitrary x € X. This implies (from the lower ordered RBS-convergence)
that its sequence {T"z},cnufoy contains a convergent subsequence
{T"®) () }ren with a limit point £ € X. Since X satisfies the condition
of lower ordered RBS-convergence, from (45), we have

a:= inf lim B(T"z) < nh_)ngo B(T"¢) < ---

rxeX n—oo

< B(TE) < B() < inf lim B(T"Wa) = o
xre —00
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ie., B(T¢) = B({) = a. This means that (Ri) holds, i.e., that the map-
ping B : X — P has a forked point ¢ € X, where the existing sequence
{bn(x) }nen, de facto, is the preceding subsequence of the sequence of iter-
ates {T"®z}en. The proof is complete.

Let X be an arbitrary nonempty set, T : X — X, and P := (P, <) be a
nonempty poset. A mapping f: X — P (or T : X — X) has a k-forked
point (or k-furcate point) p € X if for arbitrary fixed integer k£ > 1 the
following equalities hold in the form

(Rk) f(T*p) =--- = f(Tp) = f(p) for some p € X;

Frequently, we say that in this case (Rk), the mapping f : X — P has
cycle or k-pair (p,Tp,...,T*p) of bifurcation points, or that T : X — X
has a k-forks point.

In connection with this, from the proof of Theorem 32, we obtain, as a
direct extension of the preceding result, the following general statement.

Theorem 33. (Existence of k-forked points). Let T' be a mapping of a topo-
logical space X into itself, where X satisfies the condition of lower ordered
RBS-convergence. If

(Bu) B(Tzx) < B(x) for every x€ X,

then for T there exists an k-forked point € € X, i.e., then the following
equalities hold in the form

(M) B(I*¢) = = B(T€) = B(¢) = a:= inf lim B(bn(x)>

2€X n—00
for an arbitrary fived integer k > 1 and for some sequence {b,(x)}nen in X
which converges to £ € X.

Adequately with the preceding, let X be an arbitrary nonempty set, 71" :
X — X, and P := (P, <) be a nonempty poset. A mapping f: X — P (or
T : X — X) has a m(k)-forked point (or m(k)-furcate point) p € X if

(Rm) f(T"p)=---=f(TFp)=-- = f(Tp) = f(p) forsome p€ X,

for a fixed integer k > 1 and for an arbitrary integer m > k. In this case, we
say frequently that the mapping f : X — P has an arbitrary cycle or m(k)-
pair (p,Tp,...,T*p,..., T™p) of bifurcation points, or that T : X — X has
a m(k)-forks point p € X.

Theorem 34. (Existence of m(k)-forked points). Let T be a mapping of
a topological space X into itself, where X satisfies the condition of lower
ordered RBS-convergence. If

(Bu) B(Tz) < B(z) for every x € X,
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then for T there exists an m(k)-forked point & € X, i.e., then the following
equalities hold in the form

(Mm)
B(T™¢) = -+ = B(T*¢) = -+ = B(T) = B(§) = a = inf lim B(by(x))

reX n—oo

for a fixed integer k = 1, for an arbitrary integer m > k, and for some
sequence {by(z)}nen in X which converges to § € X.

The elementary proof of this statement is totally analogous with the proof of
Theorems 32 and 33. A brief proof of this statement may be found in Taskovi¢
[51].

Interpretation and facts. We notice, first, that Theorems 32, 33 and
34 hold even we are to make weaker the condition of lower ordered RBS-
convergence, in the sense that this condition holds only for iteration se-
quences.

In this sense, let X be an arbitrary nonempty set, T : X — X, P :=
(P, <) be a nonempty poset, and B : X — P. A topological space X
satisfies the condition of orbital lower ordered RBS-convergence iff
{T™(z)}nen is an arbitrary iteration sequence in X with arbitrary z € X
and if B(T"(z)) — b =0b(x) € P (n — o) implies that {T"(x)},en has a
convergent subsequence {T"*)(z)}ren which converges to & € X, where

BlE) < ot fim B(r"(x)).

Also, we shall introduce the concept of RBS-completeness in a space X
for a function B : X — P, i.e., a topological space X is called ordered
RBS-complete (orbital ordered RBS-complete) iff {a,(x)}nen is an arbi-
trary sequence (an arbitrary iteration sequence) in X with arbitrary x € X
and if B(a,(z)) — b = b(x) € P as n — oo implies that {a,(z)},en has a
convergent subsequence in X.

On the other hand, a function B : X — P is lower ordered RBS-
continuous (orbital lower ordered RBS-continuous) at p € X iff {a,(x)}nen
is an arbitrary sequence (an arbitrary iteration sequence) in X with arbitrary
z € X and if a,(z) — p (n — o) implies that

B(p) % inf lim B(an(x)).
reX n—0oo
Second, we are now in a position to formulate the following explanations
of the preceding theorems as corresponding equivalent forms:

Theorem 35. Let T be a mapping of a topological space X into itself and
let X be orbital RBS-complete. If (Bu) holds and if B : X — P is an orbital
lower ordered RBS-continuous map, then for T there exists an k-forked point
e X.

This result is contained in Theorem 32 as the case for k = 1, i.e., for the
case of a forked point. In this sense we obtain the following result.
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Theorem 36. Let T be a mapping of a topological space X into itself and
let X be orbital RBS-complete. If (Bu) holds and if B : X — P is an orbital
lower ordered RBS-continuous map, then for T there exists an m(k)-forked
point £ € X.

We also notice as in the preceding case of Theorem 35 that the proof of
this statement is a totally analogous with the proof of Theorem 34 which is
equivalent to the Theorem 36 for the case of orbital RBS-completeness.

Third, we notice that the dual forms of Theorems 32, 33 and 34 also
hold. In this sense, a topological space X satisfies the condition of upper
ordered RBS-convergence (orbital upper ordered RBS-convergence) iff
{an(x)}nen is an arbitrary sequence (an arbitrary iterative sequence) in X
with arbitrary € X and if B(a,(z)) — b= b(z) € P (n — o0) implies that
{an(7)}nen has a convergent subsequence {ay, ) (%) }ren which converges to
£ € X, where

B(§) = sup lim B(an(k)(x)).

reX k—oo

Adequate with this, a function B : X — P is upper ordered RBS-
continuous (orbital upper ordered RBS-continuous) at p € X iff {an () }nen
is an arbitrary sequence (an arbitrary iteration sequence) in X with arbitrary
z € X and if a,(z) — p (n — oo) implies that

B(p) = sup lim B(a,(x)).
reX n—oo

Theorem 37. (Duality of Theorems 32 and 33). Let T be a mapping of a
topological space X into itself and let X be orbital ordered RBS-complete. If

(Bd) B(Tzx) = B(x) for every x€ X,

and if B : X — P is an orbital upper ordered RBS-continuous map, then
for T there exists an k-forked point & € X, i.e., then the following equalities
hold:

(Rs) B(T*¢) = --- = B(T¢) = B(€) = a := sup lim B(bn(:v))

reX n—oo
for an arbitrary fized integer k > 1 and for an iteration sequence {by,(x)}nen
i X which converges to £ € X.

This result also contained a dual version of Theorem 32 as the case for
k =1, i.e., for the case of a forked point £ € X. Directly, the following result
also holds.

Theorem 38. (Duality of Theorem 34). Let T' be a mapping of a topological
space X into itself and let X be orbital ordered RBS-complete. If (Bd) and
if B: X — P is an orbitally upper ordered RBS-continuous map, then for
T there exists an m(k)-forked point § € X.
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In connection with the preceding, from the former results: a function
f:X — P, where P := (P, <) is a lattice and 7' : X — X, has a R-forked
point if and only if

min { /@), /(T2)} < £(€) = [(T€) < max { f(a), [ (T2)}

for some £ € X and for every z € X. In this sense we also have the following
result as a minimax statement for forked points.

Theorem 39. Let P := (P, <) be a conditional complete poset, X and Y
be nonempty sets, and T : X — Y. If f : X — P has a minimum and
y — f(Ty) has a mazimum, then the following equality holds in the form
(46) min sup max {f(x), f(Ty)} = max inf min {f(x), f(Ty)}

reX yeY yeY zeX

if and only if for any two finite sets {x1,...,xn} C X and {y1,...,ym} C Y
the following inequality holds in the form

(47) max { f(xo), f(Tye) } < min { f(ws), f(Ty0)}
for some elements xg € X and yo € Y, for all i = 1,...,n and for all
k=1,...,m.

Proof. Necessity. Let the inequality (46) hold. Then there exist elements
xg € X and yg € Y such that the following equality holds in the form

supmax { f(w0), f(Ty) } = inf min{f(a), /(Tyo) }:
er zeX
and thus max{f(zo), f(Tyx)} < min{f(z;), f(T'yo)} for i = 1,2,...,n and
k=1,2,...,m. This means that the conditions (47) hold.

Sufficiency. According to this condition, from the condition (47), since P
is a conditional complete poset, we have the following inequality in the form

sup maxx { f(w0), f(Tye) } < it min { f(z:), £(Tyo) },
1<k<m I<isn
and thus, since P is a conditional complete poset, it follows that there is a
supremum of left side and an infimum of right side of this inequality, i.e., we
obtain that
,T}< inf  inf { T}

mgscuﬁdyé}jgmmax{f(%) F(Tye)p < jof o inf ming f(zi), f(Tyo)

This is an inequality of two inequalities in (46). Since the second in-
equality trivially holds, it follows that the equality (46) holds. The proof is
complete. O

Annotation. We notice, first, that the equality (46) has an equivalent booking
via power of sets X and Y in the following form:

min  su sup max < f(x T }:max inf inf min{ x), f(T }
IEXméCJaI:leSkgm {f( ) f(Ty) y€Y n<Card X 1<i<n f(2), f(Ty)
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Also, on the other hand, for P := R, i.e., if f: X — P is a real function,
then Theorem 39 has the following booking in the form:

Theorem 40. Let X and Y be two compact Hausdorff, spaces and T : Y —
Y. Suppose that f : X — R is lower semicontinuous on X and y — f(Ty)
is upper semicontinuous on Y. Then

min max max {f(x), f(Ty)} = max min min {f(f)v f(Ty)}

zeX yeYy yeY zeX

if and only if for any two finite sets {x1,...,2,} C X and {y1,...,ym} CY
there exist o € X and yo € Y such that (47).

A brief proof of this statement, based on a structure of the set of real numbers
as a conditional complete poset, may be found in Taskovié¢ [51].

Forked points and RBS-convergence. If for the partial ordered set
P := (P, <) to set P =R, where relation order < is usual number order <,
then on the topological space X and for B : X — R we have the following
facts.

A topological space X satisfies the condition of lower RBS-convergence
(orbital lower RBS-convergence) iff {an(x)}nen is an arbitrary sequence (an
arbitrary iteration sequence) in X with arbitrary x € X and if B(a,(x)) —
b=b(x) e RU{—o00} as n — oo implies that {a,(x)}nen has a convergent
subsequence {a,x)()}ren Which converges to § € X, where

B(€) < inf lim infB(an(k) (g;)).

1
rzeX k—oo

In this sense, a topological space X is called lower RBS-complete (or-
bital lower RBS-complete) iff {a,(z)}nen is an arbitrary sequence (an ar-
bitrary iteration sequence) in X with arbitrary = € X and if B(a,(z)) —
b=b(r) € RU{—o0} as n — oo implies that {a,(x)},en has a convergent
subsequence in X.

A function B : X — R is lower RBS-continuous (orbital lower RBS-
continuous) at p € X iff {a,(x)}nen is an arbitrary sequence (an arbitrary
iteration sequence) in X with arbitrary x € X and if a,(x) — p (n — o0)
implies that

B(p) < inf lim infB(an(a:)>.
z€X mM—oo
Theorem 41. (Forked points, Taskovié¢ [44]). Let T be a mapping of a
topological space X into itself and let X be orbital lower RBS-complete. If

(B) B(Tz) < B(z) for every =€ X,

and if B : X — R is an orbitally lower RBS-continuous map, then for T
there exists an k-forked point & € X, i.e., the following equalities hold:

B(T*¢) = - = B(T¢) = B(¢) = a := inf lim B(bn(az)>

reX n—0oo
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for any arbitrary fized integer k = 1 and for an iteration sequence {by, () }nen
i X which converges to £ € X.

This result is also contained in the case k = 1, i.e., for the case when T has a
forked point £ € X. A brief proof of this statement may be found in Taskovi¢
[44].

Theorem 42. (m(k)-forked points). Let T' be a mapping of a topological
space X into itself and let X be an orbital lower RBS-complete. If (B) and
if B: X — R is an orbital lower RBS-continuous map, then for T there
exists an m(k)-forked point § € X.

A topological space X satisfies the condition of upper RBS-convergence
(orbital upper RBS-convergence) iff {an () }nen is an arbitrary sequence (an
arbitrary iteration sequence) in X with arbitrary € X and if B(ay(z)) —
b=b(x) € RU{+00} as n — oo implies that {a,(x)}nen has a convergent
subsequence {a,x)()}ren Which converges to § € X, where

B(§) > sup lim supB(an(k) (:L‘))
zeX k—oo

In this sense, a topological space X is called upper RBS-complete
(orbital upper RBS-complete) iff {a,(x)}nen is an arbitrary sequence (an
arbitrary iteration sequence) in X with arbitrary x € X and if B(a,(x)) —
b=b(z) € RU{+oo} as n — oo implies that {a,(z)},en has a convergent
subsequence in X.

A function B : X — R is upper RBS-continuous (orbital upper RBS-
continuous) at p € X iff {a,(x)}nen is an arbitrary sequence (an arbitrary
iteration sequence) in X with arbitrary z € X and if a,(x) — p (n — o0)
implies that

B(p) = sup lim supB(an(m)>.
reX n—o0
Theorem 43. (Duality of Theorem 41). Let T be a mapping of a topological
space X into itself and let X be orbitally upper RBS-complete. If

(D) B(Tz) > B(z) for every z€ X,

and if B : X — R is an orbital upper RBS-continuous map, then for T there
exists an k-forked point £ € X, i.e., the following equalities hold:

B(T') = -+ = B(TE) = B(§) =a:= sup lim B(bu(r))

for any arbitrary fived integer k > 1 and for an iteration sequence {b,(z)}nen
i X which converges to £ € X.

This result also contained the case k = 1, i.e., for the case when T has a
forked point & € X. The following result also holds in the preceding sense.
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Theorem 44. (Duality of Theorem 42). Let T be a mapping of a topological
space X into itself and let X be orbital upper RBS-complete. If (D) and if
B : X — R is an orbital upper RBS-continuous map, then for T there exists
an m(k)-forked point £ € X.

6. CONSEQUENCES OF THE DIAMETRAL @-CONTRACTION

Diametral ¢-contraction on metric spaces. In 1980 I proved the following
result of a fixed point on metric space which has for the best long of all known
sufficient conditions (linear and nonlinear) for the existence of a unique fixed point,
cf. Taskovié [35], [52], and [38]. This result generalizes a great number of known
results.

Theorem 45. (Taskovi¢, [35]). Let T be a mapping of a metric space (X, p)
into itself and let X be T-orbital complete. Suppose that there exists a function
¢ :RY — RY :=[0,400) satisfying

(T) (Vt ER, = (O,—i—oo)) <<p(t) <t and llzgtbfg)gp(z) < t)

such that the following inequality holds in the form
() plT2, Ty] < o diam {,y, Ta, Ty, T2, T2, ... })

for all z,y € X. If dlam O(z) € R(jr for every x € X, then T has a unique fized
point £ € X and {T"(a)}nen converges to & for every a € X.

In connection with this result, we notice that this statement is well-known as:
"the finest theorem of monlinear functional analysis’ for metric spaces.

In thes context of this statement, the following conditions (linear and nonlinear)
are special cases of the diametral ¢-contraction on complete metric space (X, p),
i.e., of the condition (J) in Theorem 45:

(1) (Banach, [1922]). There exists a number A € [0,1) such that for all point
z,y € X the following inequality holds in the form

(SB) p[T'(z),T(y)] < Aplz, y].

(2) (Kannan, [1968]). There exists a number o € [0,1/2) such that for all
points x,y € X the following inequality holds in the form

pIT (@), T(y)] < o (ple, T(@)] + ply, TW)])

(3) Reich [1971], Rus [1971]). There exist nonnegative numbers a,b,c
satisfying the following inequality a + b + ¢ < 1 such that for all x,y € X the
following inequality holds in the form

plTz, Ty < aplz, Tx] + bply, Ty] + cplz, y].

(4) (Rakotch, [1962]). There exists a monotone decreasing function o : Ry —
[0,1) such that for all z,y € X (z # y) the following inequality holds in the form

p[T(x), T(y)] < a(plz,y])plz, y].
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(5) Krasnoselskij et al, [1973]). There exists a nonnegative function 3
that satisfies the following inequality in the form sup {ﬁ(m, y) :a < plr,y] < b} <
1 for each finite closed interval [a,b] C R4 and

plT(x), T(y)] < B(w,y)plz,y] forall z,yec X.

(6) (Rhoades [1977], Chatterjea [1972]). There exists a number a €
[0,1) such that for all points z,y € X the following inequality holds in the form

pIT (@), T(y)] < amax { ple, T(W)], ply, T()] |-

(7) (Hardy-Rogers [1973], Iséki [1975], Kurepa [1972]). There exist
nonnegative constants a; (i = 1,...,5) satisfying a1 + a2 + a3 + a4 + a5 < 1 such
that for all z,y € X the following inequality holds in the form

plTz, Tyl < arplz, y) + azplz, Tx] + asply, Ty] + asplz, Ty| + asply, Tz].

Annotation. In connection with this inequality, we notice that Taskovié
[1971] considered a special case of this condition. Also see: Kurepa [1976],
Matkowski [1973], and Rus [1979]. Interesting, in 1976 Kurepa proved
a geometric interpretation of the condition (7).

(8) (Kurepa [1972], Massa [1974]). There exists a constant ¢ € [0, 1) such
that for all points x,y € X the following inequality holds in the form

p[Tz,Ty] < gmax {p[x, yl, pla, T], ply, Ty, plz, Ty], ply, Tx]}-

(9) (Fisher, [1975]). There exists a constant a € [0, 1) such that for all points
x,y € X the following inequality holds in the form

o7 (@), T(w)] < amax { p[T(), (@), ply, T(w)] }

(10) (Fisher, [1975]). There exists a constant a € [0, 1) such that for all points
x,y € X the following inequality holds in the form

pIT2(2), T(y)] < acmax { p[T(2), T(y)], ply, T2(2)] .

(11) (Dugundji [1976], Bianchini [1972]). There exists a number « €
[0,1) such that for all z,y € X the following inequality holds in the form

pIT (@), ()] < amax { ple, T(@), ply. T(y)] }.

(12) (Jaggi, [1977]). There exist nonnegative numbers «, 3 € [0,1) satisfying
a+ (3 < 1 such that for all z,y € X (z # y) the following inequality holds in the
form

-1
p[Tx, Ty) < aple, Tx]ply, Tyl (plz,y]) + Bplz, y)-

(13) (Popa, [1983]). There exist numbers «, 5 € [0,1) such that a + 5 < 1
and function f of X x X into R?F such that for all z,y € X (z # y) satisfying
fz,y) #0, f(z,2)f(y,y) < f*(z,y), and

F(T2, Ty) < af(x,Tx) £y, Ty) (£ (2,9)) " + BF(z,y).
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(14) (Taskovié¢, [1976]). There exist real numbers «; (i = 1,...,4) and
satisfying that a3 + as +ag > fand 8 —as > 0 or § — a3 > 0 such that for all
x,y € X the following inequality holds in the form

(H)
c1p[T, Ty] + asple, Ta] + asply, Ty] + aqmin { pla, Ty], ply, Tl } < Bpla,y).

(15) (Ivanov, [1974]). There exist a,b,¢,d € R satisfying a + b + 2¢ <
min{0, —2d} and b+ ¢+ d < 0 such that for all z,y € X the following inequality
holds in the form

apla, y) + bp[Ta, Ty] + e(pl, Ta] + ply, Ty]) + d(ple, Ty + ply, Ta]) > 0.

Annotation. We notice that the condition (15) is a special case of (14). Indeed,
if in (H) we set that isa = 8, b = —a1, ¢ = —ay = —as, and d = —ay, then we
obtain that the condition (14) is satisfied, Reverse is not held by an example in
Taskovidé [1976].

(16) (Hegediis-Scilagyi, [1980]). There exists a function f : RY — [0,1)
such that for every e > 0 there exists § > 0 satisfying sup { f(t) : e <t <e+d} <1
and for all z,y € X the following inequality holds in the form

pIT (@), T(W)] < f(pl, ) pla, ).

(17) (Edelstein, [1962]). The mapping T : X — X is said to be strict
contractive if for all z,y € X (z # y) the following inequality holds in the form

plT'(z), T(y)] < plz,yl.

(18) (Freudenthal-Hurewicz, [1936]). The mapping T': X — X is said
to be nonexpansive if for all z,y € X the following inequality holds in the form
as

p|T@), T(w)] < ooy,

(19) (Bailey, [1966]). The mapping T': X — X is said to be weakly con-
tractive if for all z,y € X (z # y) there is a positive integer n = n(z,y) such
that

p[T”(x),T"(y)] < plz,y).

(20) (Kirk, [1969]). The mapping T : X — X is said to be diminishing
orbital diameters if for every x € X the following inequality holds in the form
as

diam O(z) > lim,,_, o diam O(T"z), whenever diam O(x) € R.

(21) BelluceKirk, [1969]). The mapping T : X — X is said to have
shrinking orbits if for each z € X with diam O(x) € R there exists an integer
n € N such that the following inequality holds in the form as

diam O(T"(z)) < diam O(x).

(22) (KrasnoselskijZabreiko, [1975]). There exists a function p :
Ry x Ry — [0,1) satisfying for all 2,y € X the following inequality in the form

plT(x), T(y)] < pla,b)plz,y]
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where 0 < a < plz,y] < band 0 < p(a,b) < 1 for arbitraries a,b € Ry. (This
condition is very connection with the condition (5)).

An application. (Contractive maps on compact sets). Fvery contractive com-
pact subset M of a metric space (X, p) has exactly one fized point. The sequence
of iterates {xy }nenuqoy defined by x,1 = T(x,) converges to the fived point from
an arbitrary initial point Ty € M.

Proof. (We use that: if (22) holds on complete metric space (X, p), then T has
exactly one fixed point). By hypothesis, (17) holds, i.e., p[Tx, Ty] < p[z,y] for all

z,y € M (z #y). Set f(z,y) = p[Tx,Ty]/plz,y] and
Sz{(a:,y)EMxM : aép[m,y]gb}, 0<a<b

then the function f is a continuous on the compact set S. Therefore, f attains its
maximum, denoted by k(a, b). Consequently, T : M — M satisfies (22), and thus T
has a unique fixed point § € M. Since M is compact, {2, }renufo} has a convergent
subsequence. From x,; = T(x,) it follows that each convergent subsequence of
{Tn}nenugoy has the fixed point £ as a limit point. Thus, {, },enufo} converges
to& e M.

(23) (Chakrabarty, [1978]). There exists a continuous from the right non-
decreasing function ¢ : RY — RY satisfying ¢(t) < t for every t > 0, and a contin-
uous function ¢ : X x X — R with properties: ¢(z,z) = 0, p[z,y] < ¢(z,y) for
all z,y € X, and

W(Te,Ty) < ¢(Y(a,)) forall a,ye X,

where for every © € X there is an A € Ry such that the following holds in the
form ¢(z, T"z) < A(x).

(24) Bose-Mukherjee, [1982]). Let F : X x X — RY be a continuous
function with properties: F(z,y) = 0 if and only if z = y and F(z,y) = F(y, ).
There exist nonnegative constants a and b satisfying a + b < 1 such that for all
x,y € X (z # y) the following inequality holds in the form

F(Tz,Ty) < aF (z,Tx)F(y, Ty)(F(z, y))_1 + bF (z,y).

(25) (Dhage, [1985]). There exist real numbers a, p, ¢ satisfying 0 < p+¢ < 1
such that for all z,y € X the following inequality holds in the form

min {p[Tx, Tyl, plz, Txl, ply, Ty] }+a min {p[m, Tyl, ply, Tx]} < pplz, yl+aplz, Tzl

(26) (Browder [1968], Boyd-Wong [1969]). There exists a real upper
semicontinuous from the right function ¢ : R& — Rg satisfying ¢ (t) < t for every
t > 0 such that

(FB) pIT (@), T(y)] < ¥ (pla,y]) forall z,ye X,

Annotation. We notice that first in 1968 B row d er established a fixed point
theorem for a self-map T on a complete bounded metric space (X, p) satisfying
continuous from the right function such that ¢ (t) < t for every ¢t € R.

Also, Browder [1968] showed that in the case when X is unbounded, a fixed
point theorem if ¢ : R} — RY fulfills the following additional condition in the
form: t — ¥ (t) — oo (t — 0).
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This reference (Browder [1968]) contains also applications to differential
equations in Banach spaces. Further variants of the Banach fixed point theorem
are also contained in: Collatz [1964], Istratescu [1973], Miczko -
Palczewski [1985], and Browder [1979).

We notice that in Browder’s theorem the iterative sequence 11 = T(z,) for
n € NU{0} converges to £ € X from an arbitrary initial point 9 € M C X, where
M is a nonempty bounded subset, and p[z,,, &] < "~ 1(diam M) for n € N. In this
case " is the kth iteration, i.e., ?(r) = ¢ (¢(r)), etc.

(27) (Wong, [1968]). There exists a real continuous from the right function
¢ : RY — RY satisfying: o(t) < ¢ for every t > 0, 1(0) = 0, and liminf,_.g (t —
¥(t)) = o > 0, such that for every u € X there is a positive number n = n(u) with
property

AT (@), T ()] < $(ple,y]) forall 2,y € O(n).

We notice that, in Browder’s case, the function 3 : Ri — Ri satisfies all
conditions as in (26).

Annotation. We notice that Browder [1968] proved a statement for a
special case of Wong’s class of functions. It is the case when there exists a constant
n = n(u) in the condition (27).

(28) Meir-Keeler, [1969]). For any € > 0 there exists §(¢) > 0 such that
for all z,y € X the following fact holds in the form

plTz, Tyl <e whenever e < p[z,y] <e+d(e).

(29) Meir-Keeler [1969], Park-Kim [1984]). For any € > 0 there exists
a positive number €9 < € and § > 0 such that for all x,y € X the following fact
holds in the form

p[Tz, Tyl <ey whenever &< plz,y] <e+d.

(30) (C. SWong, [1976]). There exists a lower semicontinuous function f :
Ri — Rg satisfying f(s) > s for every s > 0 such that the following inequality
holds in the form

f(p[Tz,Ty)) < plz,y] forall z,y€ X.

Annotations. We notice that Won g [1976] proved that the following condi-
tions are equivalent: (26), (28), and (30). For this see and Taskovi¢ [1993]. In
connection with this is also the following result.

Lemma 1. (Wong, [1976]). Let h be a self map on RY. such that h(0) = 0, h(t) <t
for every t > 0, and h is upper semicontinuous. Then there exists a self map 1) on
RS such that ¥(0) = 0, (t) < t for every t > 0, and v is increasing continuous
such that h(t) < ¢ (t) for every t > 0.

(31) (Danes [1976], Taskovié¢ [1978]). There exists a nondecreasing func-
tion ¥ : RS — RY satisfying: ¥"(t) — 0 (n — oo, t > 0), and (t — ¥(t)) — 400
(t — 00), such that the following inequality holds in the form

(DT) plTz, Ty] < w(diam {x,me,Ty}) for all z,y € X.

Annotation. We notice that the condition (DT) as original appeared in
Taskovié [1978]. On the other hand, the conditions in Danes [1976] are
different and are in connection with the function of the form ¢ : (RY)> — R} with
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the preceding properties. Also see and: Hegediis-Szilagui [1980], Rus
[1979], Matkowski [1977], and Taskovié¢ [1975].

(32) Matkowski [1977], Taskovi¢ [1990]). There exists a nondecreasing
function v : Ri — Ri with the properties as in (31) such that for every z € X
there exists a positive integer n = n(z) such that the following inequality holds in
the form

(MT) p[T"x, TMy] < 1/)<diam {x,y7T"x7T”y}) for every y € X.

Annotation. We notice that the condition (MT) as original appeared in
Taskovié [1990]. On the other hand, the conditionsin Matkowski [1977]
are different and are in connection with the function of the form ¢ : (R})? — R}
with the preceding properties.

(33) (Cheh-Yeh, [1978]). There exists a number « € [0, 1) such that for some
n € N the following inequality holds in the form

plT"z, T"y] < adiam {z,y,T"z, T"y} for all z,y€ X.

(34) Ivanov, [1976]). There exists a real nondecreasing continuous from the
right function ¢ : RY. — RY satisfying ¢ (t) < t for every ¢ > 0, and (t — 1/1(75)) —
+00 (t — o0), such that for all z,y € X the following inequality holds in the form

(1)
p[Tz, Ty] < max {w(p[:& yl), ¥ (ple, Tx]), ¢ (ply, Ty)), ¢ (plz, Ty]), ¢ (ply, Tz]) }

Annotation. Since the function 1 : Ri — Rg is nondecreasing, directly, by (I)
we obtain that the condition (34) implies the condition (J) in Theorem 82.

(35) (Taskovi¢, [1980]). There exists a nondecreasing function ¢ : R} — RY,
satisfying limsup, ;o9 (2) <t for every ¢ > 0 such that the following inequality
holds in the form

plTx, Ty] < ¢(diam {x, y, Tz, Ty,..., Trx, Tmy})

for arbitrary fixed integers k, m > 0 and for all points x,y € X. (This is a nonlinear
condition for diameter of finite number of points).

Annotation. This nonlinear case has the following geometrical interpretation
on the Figure 8. For a given 2-point set {z,y} C X and m = k = 0 we consider
the corresponding complete graph {z,y,Tz, Ty} C X. We also, give the cases
m=k=1,and m =k =2.

(36) (Darbo [1955], Furi-Vignoli [1969]). The continuous mapping 7" is
called densifying, if for every bounded subset A of X such that a(A4) > 0, we have
a(T(A)) < «A), where a is measure of noncompactness. Let F' be a real lower
semicontinuous function defined on X x X. The densifying mapping T is said to
be weak F-contractive if the condition F(Tz,Ty) < F(x,y) holds for all z,y € X
(z # y).

(37) (Ray-Chatterjee [1977], Singh [1969], Khan [1980]). Let F :
XxX — Rg be continuous and 7" : X — X be a densifying mapping such
that F(Tz, Ty) < aF(x,y) + bF(x,Txz) 4+ c¢F(y, Ty) for each pair of distant points
z,y € X and for nonnegative real numbers a,b,c with a + b+ ¢ < 1, then T is
called generalized densifying.
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FIGURE 8

(38) (Walter, [1981]). There exists a nondecreasing continuous function v :
RY — RY satisfying ¢(t) < t for every ¢ > 0 such that for all z,y € X the following
inequality holds in the form

plTz, Ty] < 1/)<diam {aj, y, Tz, Ty, Tz, Ty, . .. })

Annotation. This special case of the Taskovié’s condition in 1980 appeared one
year later in Walter as an answer to Browder’s result in 1979. But, both conditions
(Browder [1979], and Walter [1981]) are very special cases of (J) and (Ip)
which are give by Taskovié [1980].

(39) (Linear case of (J): Taskovié¢ [1980], and Heged i § [1980]). There
exists a number « € [0, 1) such that for all points z,y € X the following inequality
holds in the form

p[Tz, Ty] < amax {x, y, Tz, Ty, T?x, Ty, . .. }

(40) (Akkouchi, [2002]). There exists a nondecreasing continuous function
¢ : RY — RY satisfying that z — z — ¢(z) : RS — RY is a strictly increasing
function such that for all z,y € X the following inequality holds in the form

plTz, Ty] < w(diam {x, y, Tz, Ty, Tz, Ty, . .. })

Annotation. We notice that this condition appeared for the first time 27 years
ago as the condition (J) in Taskovié¢ [1980]. But, the author is to neglect and



MiLaN R. TaskoviC 89

ignore this historical fact! Also, Kirk-Saliga [2000] are to ignore this historical
fact.

(41) (Taskovig, [1978]). There exists a nondecreasing function ¢ : RS — RY
satisfying limsup,_,;, o1 (2z) < t for every ¢ > 0 such that for all 2,y € X the
following inequality holds in the form

plTx, Ty] < w<diam {a:,y,Tx,Ty}).
Without any additional assumptions on X or the mapping 7', the following

sequence of implications hold between the various distance diminishing properties
(linear and nonlinear) given above:

(25),(24)  (36)=(37)

)
(19=(he @)= () (3 Q0= @)=(14 | (19 =20 =l
U 4 —
(14)  (5)<=(SB)=(4) =(26) =(28) <= (30) = (17) = (18) < (27), (29)
~(16)— |
LO=®) = B)= () = (8) = (3= e = ()
U U U }
L) (G4 (12)=(13) (35 =(8)= (40)= e =1
5 U :
L(10) (35)=> eer =

222 = (1) = (33) = (32 = +ee = A1) = wes D :

7. PRINCIPLES OF TRANSPOSE

This part presents some new principles in Functional Analysis. Let X
be a nonemty set. Let C be an arbitrary formula which contains terms
ryye X, fi: X - X (i=1,...,k € N), where k € N is a fixed number,
and p: X x X - Ry orp: X x X — [a,b) € G as a < b for fixed
elements a,b € P := (P, <), where P is an arbitrary partially ordered set
and G is a set of all intervals of the form [a,b) for a,b € P or a,b € [0, +o0],
satisfying that every decreasing sequence {uy, }nen of elements in [a,b) has
a unique element u € [a,b) as limit. Applying Axiom of Choice we obtain
the following statement.

Theorem 46. (Principle of Transpose). Let X be a nonempty set, C an
arbitrary formula and let f; : X — X (i =1,...,k € N). Then an assertion
of the form: For all f; (1,...,k) and for every p € RY. the fact

C(m,yeX,fi(izl,...,k),p) implies f; (1 =1,...,k)

have a coincidence point

(A)
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is a theorem if and only if the assertion of the form: For all f; (i =1,...,k)
and for every p € [a,b) € G the following fact of the form

C(:c,yeX,fi (i = 1,...,k‘),p)implies fli=1,... k)

have a coincidence point

(TA)

is a theorem.(A local form of this statement, denoted as: Local Principle
of Transpose, is in the case if formulas (A) and (TA) hold only via term
zeX).

A brief proof of this principle based on Axiom of Choice may be found in
Taskovié [51]. The fact that (A) implies (TA), however, may be proved
independently and without using the Axiom of Choice!

History. The concept of an abstract metric space, introduced by M.
Fréchet in 1905, furnishes the common idealization of a large number of
mathematical, physical and other scientific constructs in which the notion
of a distance appears.

The objects under consideration may be most varied. The may be points,
functions, sets, and even the subjective experiences of sensations. A gener-
alization which was first introduced by K. M en ger in 1942 and, following
him, is called a statistical metric space.

In 1934 D. Kurepa defined pseudodistancional spaces, with the non-
numerical distance, which play an important role in nonlinear numerical
analysis (see: L. Collatz [27]). After that several authors investigated
the distance functions taking values in partially ordered sets (A. Appert,
M. Fréchet,J. Colmez R. Doss, Ky Fan, and others in the year’s
40’s and 50’s).

Concept of transversal spaces with the nonnumerical transverse were in-
troduced in 1998 by Taskovié as a nature extension of Fréchet’s,
Kurepa’s,and Menger’s spaces in well-know sense. The transver-
sal spaces play an important role in nonlinear functional analysis as and in
numerical analysis.

An example of pseudodistancial (as and transversal) spaces is so-called
cone of a metric space (or cone metric space). For the cone metric space we
formulate principles of transpose.

Let E := (E,+) be a topological vector space. A subset P of E is called
a cone iff P is a closed, nonempty and P # {0}; if a,b € R (a,b > 0) and
x,y € P then ax 4+ by € P; and PN (—P) = {0}.

For a given cone P C F, we define a partial ordering < with respect to P
by x < y if and only if y — 2 € P. We shall write x < y if x < y and x # y;
also, acy means that y —x € int P, where int P denotes the interior of P.

The cone P is called normal if there is a number ¢ > 0 such that for all
z,y € E we have ||z|| < o||y|| whenever § < x < y.

Let X be a nonempty set. In this sense, suppose that the mapping p :
X x X — P C F has all the metric axioms (i.e., p[z,y] = 0 := 0 if and
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only if x =y, plz,y] = ply, x|, and plz,y| < p[z, 2] ® p[2, y] as in the papers:
Kurepa [65], Collatz |27], or Sikorski [66]).

In the same manner, p is called a cone metric on X, and (X, p, @) is called
cone metric space, where & = + in the topological vector space E. Thus
p satisfies all the axioms of transvsersal spaces with the nonnumerical trans-
verse (as and all axioms of Kurepa’s pseudodistantial spaces, see: Kurepa
[65]).

Taking one consideration with another, as an immediate fact from the
preceding statement, we have directly the following result for cone metric
spaces.

Theorem 47. (Cone Principle of Transpose). Let X be a nonempty set and
let C be an arbitrary formula which contains terms x,y € X, <, +, <, @,
fi: X - X (i =1,...,k) for a fited number k € N, and p. Then, an
assertion of the form: For every f; (i =1,...k) and for every p(z,y) € Rg
the following fact in the form

() C(m,y eX, <, +, fii= 1,...,k),p>implies fii=1,...,k)
have a coincidence point

is a theorem if and only if the assertion of the form: For every f; (i =
1,...,k) and for every p(x,y) € C, where C is a cone of the set G of all
cones, the following fact in the form

R) C(x,y €eX, %, @, fi i= 1,...,k),p>implies fii=1,....k)
have a coincidence point

is a theorem. (The local form of this statement we obtain whenever (E) and
(R) hold only via term of the form x € X ).

We notice that in the preceding statement if facts (E) and (R) to substi-
tute with the following facts in the forms as

(E7) Q(w,y €eX, <, +, fi(i= L---Jf),p) implies  M(f;),
and
(R’) C('T:y € Xv %) EB, fz (7’ = 1’- . ak)ap) 1mphes m(fl)v

respectively, where the property 9(f;) is a form of: 1) f; (i =1,...,k) have
a common fixed point, 2) there exists a countable sequence which converges
to a common fixed point of f; (i =1,...,k).

We are now in a position to formulate our next theorems as directly
consequences of principle of transpose for cone metric spaces and further.
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Theorem 48. Let X be a nonempty set and let € be an arbitrary formula
which contains terms x,y € X, <, 4+, %, &, T : X — X and p. Then, an
assertion of the form: For every T and for every p(xz,y) € R(}r the following
fact in the form

(B) C(x,y e X, <, +, T, ,0) implies T has a fixed point

1s a theorem if and only if the assertion of the form: For every T and for
every p(z,y) € C, where C is a cone of the set G of all cones, the following
fact in the form

(BA) €<$,y eX, =%, o, T, p) implies T has a fixed point

is a theorem. (We recall that a statement is Local Principle of Transpose if
(B) and (BA) hold only via term of the form z € X).

In connection with the preceding statement if facts (B) and (BA) to sub-
stitute with the following facts in the forms as

(B) Qﬁ(x,y e X, <, +, T, p) implies 9(T),
and
(BA") Q(z, ye X, %, @, T, p) implies 9(T),

respectively, where the property 9U(7T") denotes all conclusions of the Ba-
nach contraction principle: 1) T has a unique fized point & € X, 2)
xy, = TM(x) — & for every x € X, and 3) there exists an estimate of the
rapidity of convergence; then Theorem 47 also to remain holds.
Consequences of the principles of transpose. Let X := (X, p) be
a cone metric space and {x,}nen be a sequence in X. Let x € X, if for
every ¢ € I/ with Gc there is ng € N such that p[:z:n,:c]c for every
n > ng, then {z,},en is said to be convergent and it converges to z, i.e.,
x is limit of {x, }pen. If for any ¢ € F with 90, there is ng € N such that,

plxn, xm]c for all n,m > ng, then {z, },en is called a Cauchy sequence
in X. If every Cauchy sequence is convergent in X, then X is called a
complete cone metric space.

There exist several applications of the preceding principles of transpose.
In the fixed point theory, theorems of the forms (A), (E) and (B) are usually
proved first.

However, theorems of the forms (TA), (R) and (BA) are more general (in
the sense of sufficiency), so the proofs of the theorems are usually similar.
Using our principles of transpose, we are able to state at once the theorems
(A) and (TA), (E) and (R) i.e., (B) and (BA) depending which of the the-
orems is wanted. We shall illustrate the preceding principles of transpose
with the several examples.



MiLaN R. TaskoviC 93

In this sense we give some illustrations of the preceding Theorem 46 (Prin-
ciple of Transpose) for the intervals of the form [a,b) for < b in the form of
upper spring ordered transversal spaces:

Example 1. (Kurepa [65]). Asa first example of upper spring ordered
spaces we obtain so-called pseudodistantial space by D. Kurepa with the
nonnumerical transverse. In this case the nonnumerical transverse is given
in the partially ordered set [a, b), where the element a in the partially ordered
set G of the following form: [a,b) = (G,+, <) is a linearly ordered abelian
groups with cofinality cof(G) = w,, at he identity element a = 6 € G (which
means that a is the infimum of a strictly decreasing 7-sequnce). An 7-
metric on X is a function p : X x X — [a,b) = G which satisfies all the
metric axioms (i.e., p[z,y] = 0 = a if and only if x =y, p[x,y] = ply, z], and
plx,y] < plx, z] + plz,y]). For this see: Collatz [27], Cammaroto-
Koc¢inac [67] and Sikorski [66].

Example 2. (Kantorovitch’s lineal, Kantorovitch [68]). Let K
be a real linear space and K be a K-lineal, by L. V. Kantorovitch. In this
sense, K is a K-lineal if there exists an element 6 € K as a neutral element
such that 8 < x for all x € K, and if the partially ordering < is defined with
x <y if and only if x — y = 0 for all z,y € K such that the following hold:

(i) z > 0, y = 6 implies x # 0, x +y > 0, and zy > 6,

(ii) there exists sup{x,y} for two arbitrary elements z,y € K.

In this case, [a,b) = K with nonnumerical upper transversal p : X x X —
K as an element in K.

Example 3. (M-sets, Taskovié¢ [37]). Let O be a partially ordered
set by the relation < such that there exists # € O with the property: a)
0 < u for every u € O. Also, 2): for every nonincreasing sequence {uy }nen
there exists the unique element u € O called the limit of {u, },en all signed
by u = lim,_,« u, (alternative designation w, | u) such that: u, = u (for
n € N) implies uy,, | u; if u, | w, v, | v, up < vy, then u < v; and the limit
of {up }nen is invariant with respect to the initial conditions. The partially
ordered set O with the preceding properties we call the M-set.

We notice that the property 2) is specially realized if in O is introduced
the usual ordered topological structure and eachy subset of O from the
upper side bounded has its supremum, the term of limit having its standard
meaning.

If the set [a,b) = O where a = 6 we obtain an upper nonnumerical
transverse p : X x X — O as an element in [a, b). It is evident that p satisfy
all conditions of the upper transversal ordered spring transverse!!

Example 4. (The cone metrical spaces, Kurepa [65]). We begin by
introducing a structure ot the ordered Banach space and define a cone metric
space. Let E be a real Banach space and P a subset of E. In this case P
is called a come if: P is a closed, nonempty set and P # {0}, ax + by € P
for all a,b € R (a,b > 0) and z,y € P, and « € P such that —z € P implies
x = 0. In this case a = 0 € [a,b).
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Given a cone P C F we define a partially ordering < with respect to
P by z < yif and only if y — x € P. We shall write x < y iff x < y and
x # y. Also, we shall write x < y iff y — x € int P, where int P denotes the
interior of P.

In this sense, suppose that the mapping p : X x X — F has all the metric
axioms as in the papers: Kurepa [65], Collatz [27] and Siko-
rski [66]. Thus p satisfis all the axioms of the upper transversal ordered
spring spaces (as and all axioms of Kurepa’s pseudodistantial spaces, see:
Kurepa [65]).
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